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1 Intr oduction

JustastheFourierbasisrepresentsanimportanttool for evaluationof convolutionsin aone-or two dimen-
sionalspace,thesphericalharmonicbasisis a similar tool but de�ned on thesurfaceof asphere.Spherical
harmonicshave alreadybeenusedin the �eld of computergraphics,especiallyto modelBRDF andinci-
dentradianceaswell asBRDF inference[1, 2, 3, 8, 9]. But sphericalharmonicshave just recentlybecome
feasibleto beusedin real time computergraphics,especiallyin enhancingthedynamiclighting of scenes
in realtime aswill beshown laterin thiswork.

Themotivationof thispro-seminaris to demystifysphericalharmonicsin asimilarwayasRobinGreen
did [12] but with moremathematicalbackgroundon thefunctionsthemselvesandlessfocuson theactual
applications,which in Green'scasewasa techniquecalledsphericalharmoniclighting.

Although the sphericalharmonicsarenot the easiestmathematicalfunctionsthis is an attemptat ex-
plainingandillustratingthemasplausibleaspossible- without leaving out thecritical mathematicalrela-
tionships.

Sphericalharmonicsaresometimescalledtheswissarmyknifeof mathematicalphysicsandthismetaphor
is extensibleto computergraphicsto a certaindegree,astheattentive readerwill hopefullyunderstandat
theendof this work.

2 Overview

First the requiredmathematicalfundamentalswill be reviewed. This includesa shortevaluationof or-
thogonalfunctions, wheretheassociatedLegendrepolynomialswill beintroducedandthesineandcosine
functionswill beexaminedregardingsomeintriguingproperties.Thereaftersphericalfunctionsandspher-
ical polarcoordinateswill bereviewedshortly.

Oncethe fundamentalsarein placethey arefollowed by a de�nition of the sphericalharmonicbasis
while evaluatingits mostimportantproperties.

Finally the focuswill move on examplesfor the usageof sphericalharmonicsto solve the common
lighting function in a rathernew andpartially precomputedway. Also, theuseof sphericalharmonicsto
quickly relight objectsusingpre-�lteredirr adianceenvironmentmapswill bediscussed.

3 Orthogonal functions

Orthogonal functions [6, 7] areclassesof functionsf pn(x)g that obey an orthogonalityrelationover
their domain[a;b]:

Z b

a
w(x)pn(x)pm(x)dx = cndnm = cmdnm (1)

and Z b

a
w(x)pn(x)pm(x)dx = cndnm = cmdnm (2)

for real-andcomplex-valuedfunctionsrespectively. dkl denotestheKroneckerdelta[6], de�ned by

dkl =

(
1 k = l

0 k 6= l
:

w(x) is an arbitraryweightingfunction independentof n aswell asm andf = Â(f ) � iÁ(f ) denotesthe
complex conjugateof thecomplex numberf . With this propertypn(x) is thencalleda basisfunction. If
cn = 1 for all n the classis even orthonormal,which is a strongerrelationandprovidessomeadditional
properties.Amongstotherthingsorthogonalandorthonormalbasisfunctionsallow theexpressionof any
piecewisecontinuousfunctionover[a;b] asalinearcombinationof anin�nite seriesof linearlyindependent
basisfunctions.

In otherwords: The basisfunctionspn aresmall piecesof information. Scalingandcombiningthem
produceseitherexactly theoriginal function f (if anin�nite seriesof basisfunctionsis usedor thefunction
is band-limited)or a band-limitedapproximationf̃ of thesourcefunction(if only a �nite numberof basis
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Figure1: An exampleof an expansionandreconstructionof f (x) = 1:75x3 + 0:6x2 + 0:21x� 0:06 using
the�rst four Legendrepolynomials1, x, 1

2(3x2 � 1) and 1
2(5x3 � 3x).

functionsis usedwhile thesourcefunctionalsoconsistsof signalsof higherfrequency thanthethreshold).
Band-limiting meansthat frequencieshigherthana certainthresholdareremovedandthis is similar to a
low-pass�lter appliedon thefunctionbeforetheharmonicexpansion.

For theapproximationthemaximumerror

max
x

k f̃ (x) � f (x)k (3)

is in generalproportionalto thenumberof basisfunctionsused.

Projection and Reconstruction: So everything neededto approximatea given function f arbitrarily
accurateis to computethe coef�cients kn describinghow mucheachbasisfunction pn is like f . This is
doneby integratingtheproduct Z

f (x)pn(x)dx = kn (4)

over the full domainof f . The aforementionedprocessis calledprojectionor expansion. An exampleis
shown in �gure 1(a). Its inverseprocessis de�nedasthelinearcombinationof all basisfunctionsscaledby
their associatedcoef�cients

f (x) =
¥

å
n= 0

knpn or f̃ (x) =
N

å
n= 0

knpn (5)

This is calledreconstructionandit is demonstratedin �gure 1(b).

Integration of orthonormal series: In additionto theorthogonalsetof propertiesanimportantproperty
of the orthonormalfunctions is the following: Considerthe integral of a productof any two arbitrary
piecewisecontinuousfunctionsa(x) andb(x).

Z
a(x)b(x)dx = ? (6)
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Expandingthesefunctionsinto band-limitedfunctionsã and b̃ with coef�cients an and bn respectively
transformstheintegral into asimpledotproductof theprojectioncoef�cients.

Z
ã(x)b̃(x)dx =

N

å
i= 0

anbn: (7)

Thiseffectively reducesasymbolicintegrationof theproductof two functionsinto aseriesof multiply-adds
whicharea lot easierto compute.

Numerical Integration: Whenevaluatingintegralsfor harmonicexpansion(e.g.anintegralof afunction
thatdescribestheincidentlight intensityfor angivenpoint in acomplex scene),insteadof performingsym-
bolic integrationit is oftennecessaryto useothersolutions- especiallyin the �eld of numericalcomputer
simulation.Onesuchsolutionis calledtheMonteCarlo Integration. It basicallyconsistsof takinga num-
berof samplesof thefunction(probabilisticgathering)andusingthemto approximatethecorrectintegral
result.Themoresamplesaretakenthelesserroris introducedin this integration.Onekeyword thatis used
lateron whencomputingsphericalharmoniccoef�cients is known astheMonteCarloEstimatorandit is
de�ned as

Z
f (x) �

1
N

N

å
i= 1

f (xi )w(xi) (8)

wheref denotesthefunctionwewantto integrate,N thenumberof samples,f (xi ) representsonesampleand
w(xi) representsaweightingfunctionfor eachsample,whichis its reciprocalprobability. Moreinformation
on thetopiccanbefoundhere[6, 10, 11, 13].

Examples: A prominentexamplethat makesuseof the orthogonalityrelationshipis the Fourier series
[6], which providesa convenientmethodof expandingperiodicfunctionsinto anin�nite sumof sinesand
cosines.Therewill bemoredetailson thesineandcosineorthogonalitylater in this sectionsincethey are
oneof thefundamentalssphericalharmonicsarebuilt upon.Additionally aclassof orthogonalpolynomials
will beanalyzed,namedtheassociatedLegendrepolynomials.They areofteninterconnectedwith andwill
beusedto de�ne aswell asexplorethesphericalharmonics.

3.1 AssociatedLegendre Polynomials

The�rst classof orthogonalfunctionsis namedafterAdrien-MarieLegendre(1752-1833),a frenchmath-
ematician.In generalrepresentedby thesymbolPm

l theassociatedLegendrepolynomialsarereal-valued
andde�ned over therange[� 1;1]. An explicit de�nition is

Pm
l =

(� 1)m

2l l !

q
(1� x2)m dl+ m

dxl+ m(x2 � 1) l (9)

althoughit is rarely usedfor computationalpurposes,becausethe evaluationis tricky and numerically
unstable.

Thefunctiontakestwo integerargumentsl andmwhichareconstrainedby l 2 N0 andm2 [0; l ]. l is used
asthebandindex to dividetheclassinto bandsof functionsresultingin a totalof (l + 1)l polynomialsfor a
l -th bandseries.With respectto l andw(x) = 1 theassociatedLegendrepolynomialsobey theorthogonality
relationship

Z 1

� 1
Pm

l (x)Pm
l0 (x)dx = dl l0

2(l + m)!
(2l + 1)( l � m)!

: (10)

However, for differentm on the sameband,the polynomialsare orthogonalwith respectto a different
constantandanotherweightingfunction. If neitherm = m0 nor l = l0 thepolynomialsarenot orthogonal
at all. Whenusedin sphericalharmonics,this orthogonalityneedsto beestablishedby anotherorthogonal
polynomial.

For a betterunderstandingthe �rst few functionsareshown in �gure 3.1 andusedfor the harmonic
expansionin �gures 1(a),1(b) with l = 0::3 andm= 0. If m= 0, asit canbefoundin theaforementioned
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Figure2: First four bandsl = 0; :::;3 of theassociatedLegendrepolynomials

example,they degenerateto theunassociatedLegendrepolynomials,which will howevernot bediscussed
in this work.

TheassociatedLegendrepolynomialscanalsobede�ned usinga setof recurrencerelations

Pm
m(x) = (� 1)m(2m� 1)!! (1� x2)m=2 (11)

Pm
m+ 1(x) = x(2m+ 1)Pm

m(x) (12)

(l � m)Pm
l (x) = x(2l � 1)Pm

l� 1(x) � (l + m� 1)Pm
l� 2(x) (13)

which will comein handywhen implementingthe function in a computerapplication,especiallysince
they areeasierto computeandlesssusceptibleto numericalerrorscomparedto othermethods[6, 14]. To
evaluatea givenfunctionvaluePm

l (x) primarily equation(11) is usedto generatethehighestPm
m possible.

Thereafterfor l = mthecorrectvaluehasbeencomputed.Otherwiseall thatis left to dois to raisetheband,
so(12) is usedonceto getto thenext band,andthen(13) canbeiterated(becauseit dependson l � 1 and
l � 2 resultsthesecondruleneedsto beappliedonce)until thecorrectansweris found.

3.2 Sineand Cosine

The other importantsetof orthogonalfunctionsis the sineandcosineset. Despitebeing the key func-
tionswhentalking of sphericalor circularsystems,they alsoobey theorthogonalityrelationover [� p;p].
Followingkey integral identitiescanbede�ned,andwill beof goodusewhende�ning sphericalharmonics:

Z p

� p
sin(mx) sin(nx)dx = pdmn (14)

Z p

� p
cos(mx) cos(nx)dx = pdmn

Z p

� p
sin(mx) cos(nx)dx = 0

Z p

� p
sin(mx)dx =

Z p

� p
cos(mx)dx = 0

whereasm;n 6= 0 arecalledphases. As notedabove, theseintegral identitiesareoneof thekey properties
theFourierSeriesis built upon.
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Anotherimportantpropertyof the sineandcosinefunctionsis relatedto the complex numbers.It is
calledtheEuleridentity andde�ned as

eif = cos(f ) + i sin(f ): (15)

For moreinformation,see[6, 5].

4 Spherical functions

Now thekey fundamentalsfor themain topic arede�ned andexplained.But beforethis work jumpsinto
the colorful world of sphericalharmonics,therearesomesmall conventionsthat needto be reviewed in
orderto ensurea properunderstanding.

4.1 Sphericalpolar coordinates

PSfragreplacements

f
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Figure3: Polarcoordi-
natesystem

Whentalkingaboutsphericalfunctionsit is convenientto usesphericalpolar
coordinatesinsteadof the Cartesianones. The sphericalcoordinatesystemis
de�nedby two anglesq andf , whereas0 � f < 2p describestheazimuthalangle
in the xy-planeoriginatingat the x-axis and0 � q < p denotesthe polar angle
from thez-axis.Additionally a radiusr is usedto representthedistancefrom the
origin of thecoordinatesystem,but it canbeomittedfor normalizedcoordinates,
which all lie on a unit sphereand thereforehave a uniform distancefrom the
origin of r = 1. See�gure 3. Carehasto be taken whencomparingspherical
functionsfrom differentsources,sincethereis nogenerallyacceptedconvention
aboutthesemanticsof f andq, thusthey maybeswappedor de�ned differently.

Therelationsbetweena point in theCartesianandsphericalpolarcoordinatesystemsfor this work are
de�ned as

r =
p

x2 + y2 + z2 (16)

f = cot
� y

x

�
(17)

q = sin� 1

 p
x2 + y2

r

!

= cos� 1
� z

r

�
(18)

andanalogouslytheinverserelations

x = r cosf sinq (19)

y = r sinf sinq (20)

z = r cosq: (21)

4.2 De�nition

A sphericalfunction is a mappingof sphericalcoordinates(q; f ) to a scalarvalue. In this work spherical
functionsareassumedto bereal-valued,althoughcomplex-valuedfunctionscanbeharmonicallyexpanded
by the complex sphericalharmonicsseriesanalogously. Sphericalfunctionscaneasilybe visualizedby
eitherdisplayinga texturedsphere,wherethe intensityof a point on the surfacerepresentsthe valueof
thefunctionat thatpoint (Figure4(b)), or by displacingthepointson thesurfaceof thespherealongtheir
correspondingnormalvectorbasedon thevalueof thefunction(Figure4(a)).

An integrationcanbethoughtof assummingin�nitesimal patchesof area.Theparameterizationof a
sphereusingpolarcoordinatescausesthepatcheson theequatorto be biggerandthusshouldhave more
in�uence on the solutionof the integral comparedto the patchesat the poles. To encodethis effect an
integrationof asphericalfunctionis pre-multipliedby sin(q) whichis 1 at theequator, vanishesat thepoles
andis directly proportionalto theareaof thepatches(which only dependson q). To enhancereadability,
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(a) Displacedunit spherewith randomcoloriza-
tion.

(b) Texturedunit sphere,usingthe spectrumshown on
theright sideto visualizehighandlow functionvalues.

Figure4: An exemplarysphericalfunction f (q; f ) = 1
4(cos(6f )3 + sin(q)4 + 1) plottedwith bothpresented

techniques.

suchanintegrationof asphericalfunction f (q; f ) overthesurfaceof aunit sphereSwill beexpressedeither
in theexplicit sphericalcoordinateform or asanintegralover theimplicit surfaceS.

Z 2p

0

Z p

0
f (q; f ) sin(q)dqdf =

Z

S
f (w)dw (22)

Analogously, anintegralover thesurfaceof anhemisphereW(~n) in direction~n is denotedas

Z 2p

0

Z p

0
f (q; f ) sin(q)h(~n;q; f )dqdf =

Z

W(~n)
f (w)dw (23)

whereas

h(~n;q; f ) =

(
1 0 � ~n�~vqf

0 otherwise

with~vqf beingthevectorfrom thecenterof theunit-sphereto thepoint describedby q andf . Additionally
lateronxw will beusedto describeany point in directionw.

5 SphericalHarmonics

Now we �nally arrivedat theactualtopic of this work andthesphericalharmonicsareveryclose.With all
therequiredfundamentalsde�ned now a formal write up andexplanationof thede�nition of thespherical
harmonicswill follow. After thatdetailsof the importantpropertiesthat resultfrom this de�nition will be
discussed.Finally rotationof asphericalharmonicfunctionaredescribedbrie�y .

5.1 De�nition

In section3 it is shown that the associatedLegendrepolynomialscanbe usedto expressany piecewise
continuousfunction over the interval [� 1;1] eitherasan in�nite seriesof polynomials,a �nite seriesof
polynomialsfor a band-limitedapproximationor a �nite seriesof polynomialsin casethe function itself
doesnot have frequencieshigher than a certainthreshold. When looking at the de�nition of spherical

7



coordinatesin section4 it maybecomeobviousthatwecanexpressany circularlysymmetricfunction(like
l = 2;m= 0 in �gure 6), which hasno dependenceon f , in termsof theassociatedLegendrepolynomial
by mappingq into the[� 1;1] domainusingcosq. But we needsomemechanismto provideorthogonality
in caseof non-circularsymmetricfunctions. This canbe realizedby combiningtheassociatedLegendre
polynomialsfor theq dependencewith thesineandcosinefunctionsfor the f dependentpart. Now with
thebasicideaexplaineda formaldescriptionof thesphericalharmonicswill follow and�nally they will be
investigated.

A completeformal de®nition of thecomplex-valuedsphericalharmonicserieswith two argumentsl 2
N0 and� l � m� l is givenby

Ym
l (q; f ) = Njmj

l Pjmj
l (cosq)eimf (24)

whereNm
l is a normalizationcoef�cient. As for theLegendrepolynomialsl denotesthebandindex. Using

Euler's formulatheequationcanberewrittenas

Ym
l (q; f ) = Njmj

l Pjmj
l (cosq)(cos(mf ) + i sin(mf )) (25)

andit becomesevidentthat,asdescribedabove, thesphericalharmonicsarebasedon theassociatedLeg-
endrepolynomialsfor theq andsineandcosinefunctionsfor thef dependence.See�gure 5.

X =

PSfragreplacements

sin(2f ) P2
4 (cosq) = 25

2 (7cos2 q� 1) sin2 q

y2
4(q; f )

Figure5: A demonstrationof the functionaldependenciesof bothcoordinateaxes. The left imageshows
the f dependencewith the correspondingsine-wave (phasem = 2) while the centerimagedisplaysthe q
dependencealongwith its associatedLegendrepolynomialP2

4 . Combiningbothyieldstheright pictureof
thesphericalharmonicbasisfunctiony2

4.

Thenormalizationfactorcanthenbederivedfrom

Z

S
Ym

l (w)Ym0

l0 (w) sin(q)dw = dmm0dl l0 (26)

which concurrentlyproofsthe orthogonalityof thesphericalharmonics.The sin(q) weightsthe function
valuesby thedistancefrom theequator. This is dueto theaforementionedfact that integratingspherical
coordinatescanbeseenasintegratingsmallpatcheson thesphere.
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Solvingtheequation(26)by expandingYm
l yields:

Z 2p

0

Z p

0
Ym

l (q; f )Ym0

l0 (q; f )sin(q)dqdf

=
Z 2p

0

Z 1

� 1
Ym

l (q; f )Ym0

l0 (q; f )d(cosq)df

=
Z 2p

0

Z 1

� 1
Njmj

l Njm0j
l0 Pjmj

l (cosq)Pjm0j
l0 (cosq)eimf eim0f d(cosq)df

= Njmj
l Njm0j

l0

Z 1

� 1
Pjmj

l (cosq)Pjm0j
l0 (cosq)d(cosq)

| {z }
q-dependentpart

Z 2p

0
eimf eim0f df

| {z }
f -dependentpart

(27)

Solvingthef dependentintegral,which is basedon thesineandcosineintegral identities,resultsin
Z 2p

0
eimf eim0f df

=
Z 2p

0
(cos(mf ) + i sin(mf ))( cos(m0f ) � i sin(m0f ))df

=
Z 2p

0
cos(mf ) cos(m0f ) + sin(mf ) sin(m0f ) + i cos(m0f ) sin(mf ) � i cos(mf ) sin(m0f )df

=
Z

cos(mf ) cos(m0f )df
| {z }

= pdmm0

+
Z

sin(mf ) sin(m0f )df
| {z }

= pdmm0

+ i(
Z

cos(m0f ) sin(mf )df
| {z }

= 0

�
Z

cos(mf ) sin(m0f )df
| {z }

= 0

)

= 2pdmm0 (28)

by applyingthe Euler formula (15) andthe aforementionedintegral identities1 (14). Similarly for the q
dependentintegral,whichon theotherhandis basedon theassociatedLegendrepolynomials:

Z 1

� 1
Pm

l (cosq)Pm0

l0 (cosq)d(cosq) =
2

2l + 1
(l + m)!
(l � m)!

dl l0 (29)

while assuming2 m= m0. Therefore,by pluggingthetwo derivedidentities(28) and(29) into (27),which
yields

Nm
l Nm0

l0
4p

2l + 1
(l + m)!
(l � m)!

dl l0dmm0 = dl l0dmm0; (30)

it becomesobviousthat

Nm
l =

s
2l + 1

4p
(l � m)!
(l + m)!

: (31)

RealSphericalHarmonics: Consideringthatmostapplicationsof sphericalharmonicsrequireonly real-
valuedsphericalfunctions,like BRDF calculationandapproximation,irradianceestimationandspherical
harmoniclighting, it is convenientto de�ne thereal-valuedsphericalharmonicsfunctionas

ym
l =

8
><

>:

p
2Â(Ym

l ) =
p

2Nm
l cos(mf )Pm

l (cosq) if m> 0
Y0

l = N0
l P0

l (cosq) if m= 0
p

2Á(Ym
l ) =

p
2Njmj

l sin(jmjf )Pjmj
l (cosq) if m< 0

(32)

While thecomplex sphericalharmonicbasisincludesapairof sines,theseparatedimaginaryandrealparts
of the real sphericalharmonicsonly have onesine,andthusthe normalizationneedsto be adjustedby a
factorof

p
2 for thosecases.In thefollowing paragraphs,only therealsphericalharmonicpart is covered,

for theaforementionedreasons.
1Notethat

Rp
� p sin(x)dx =

Rp+ a
� p+ a sin(x)dx becauseof theperiodicalappearanceof sineandcosine.

2Thereis noneedfor them6= m0casebecauseit is alreadyhandledby (28)
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Insteadof usingtwo parametersit is sometimesuseful to �atten the sphericalharmonicfunctionsin
a speci�c orderinto a onedimensionalvector, so that they caneasilybe enumerated.Thusthe function
yi(q; f ) = ym

l (q; f ) with i = (l + 1)l + m is usedwheneversuited.
To getabetterunderstandingof thesphericalharmonicsandwhatthey look like, the�rst few functions

canbeseenin �gure 6.
All threeclassesof sphericalharmonicsareillustrated:

� The zonal harmonicsare all sphericalharmonicswith m = 0 which meansthat they are circular
symmetricasdescribedin theexampleat thebeginningof this section.They aretermedzonalsince
thevisualcurvesthatappearon theunit sphereareparallelsof theequator(latitude)andthey divide
theunit sphereinto zones. It mayalsoberelevantto mentionthatsincem= 0 theharmonicsreduce
to associatedLegendrepolynomials.

� Sectoral harmonicsarethosesphericalharmonicsof theform Ym
jmj .

� Tesseral harmonicsareall othersphericalharmonics.Therelatedunit sphereis usuallydividedinto
severalblocksin longitudeandlatitude.

5.2 Properties

Thefollowing sectionwill cover themostimportantpropertiesof thesphericalharmonics.

5.2.1 Harmonic expansion

Sinceit hasalreadybeenillustratedthatsphericalharmonicsform anorthonormalbasis,projectingaspher-
ical functioninto sphericalharmoniccoef�cients is simpleanda straightforwardapplicationof de�nition
(4). Replacingthearbitrarypolynomialbasispn by therealsphericalharmonicbasisfunctionyi transforms
theequationinto

ki =
Z

S
f (s)yi (s)ds: (33)

Source function

Source function

n=0 n=4 n=6 n=10 n=15 n=20 n=25

n=0 n=2 n=4 n=6 n=8 n=10 n=15

Figure7: An exampleof a band-limitedsphericalharmonicexpansions.n denotestheorder.

By combiningthis with the aforementionedMonte Carloestimatora numericalsolutionfor the coef-
�cients ki canbede�ned. In theMonteCarloestimatora weightingfunction is usedfor every sample.If
thesamplesarecarefullychosen,by makingthemindependentof theparameterizationof thesphereusing
a techniquelike strati�ed samplingasdescribedby [12], theweightingfunctionturnsinto a constantterm
becauseall sampleshave anequalprobability. This probability is 1

4p for an equaldistribution of samples
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on thesurfaceof a unit sphereandthereforetheresultingweightingfunctionis w(xi ) = 4p. Thenumerical
solutionfor theintegrationproblemcanthenberewrittenas

ki =
1
n

n

å
j= 1

f (x j )yi (x j )4p =
4p
n

n

å
j= 1

f (x j )yi(x j ) (34)

with n ! ¥ . Someexamplesfor suchexpansionscanbeseenin �gure 7.
Whatcanalsobeseenin the �gure is thatusinga �nite seriesof coef�cients will only reconstructan

approximationof the original function except the sourcefunction doesnot have higher frequenciesthan
theonesthatcanbecapturedby thehighestordersphericalharmonicbandused.(n+ 1)2 coef�cients are
usedfor suchaband-limitedapproximationof then-th order. Thisquadraticgrowth makesit crucialto �nd
the right trade-off betweenquality of the approximationandmemoryconsumedby the coef�cients. Ra-
mamoorthiandHanrahan[3] aswell asBasri[4] haveshown thatfor lambertianre�ectanceandirradiance
approximationasecondorderapproximation(usinga9 coef�cients, a9D subspaceasthey call it) is already
suf�cient. More detailsaboutthis will follow laterwhenproviding someexamplesof sphericalharmonics
in computergraphics.

5.2.2 Convolution

Imaginea convolution of a sphericalfunction f with a kernel function k. For exampleit canbe a low-
pass�lter in orderto removehigh frequenciesfrom thesphericalfunction,maybeto preventartifactswhen
computinga band-limitedexpansionof a high frequency function. This kernelfunctionhasto becircular
symmetric,which implies that it doesnot have any f dependence,becausethe resultof a non-symmetric
convolutionwouldnotbede�ned over thesphere,but ratherin thecorrespondingspecialorthogonalgroup
SO3. Applying theFunk-Hecke-Theorem[4] yields

(k? f )m
l =

r
4p

2l + 1
k0

l f m
l = a l k0

l f m
l (35)

which meansthatharmonicexpansionof theconvolution is equalto expandingboth functionsseparately,
scalingthemby a l . Thereforethesphericalharmonicreconstructionof a convolutioncanbewrittenas

�f = k? f =
¥

å
l= 0

l

å
m= � l

(a l k
0
l f m

l )Ym
l : (36)

5.2.3 Rotational invariance

Let g bea copy of f rotatedby anarbitraryrotationR over theunit sphere.Thefollowing relationshipcan
bede�ned:

g(s) = f (R(s)) (37)

In other words it doesnot matter if the function or the input is rotated- the result is the same. This
is a very critical propertycalledrotationalinvariance(readersfamiliar with the one-dimensionalFourier
transformationmayseetheanalogyto theshift-invarianceproperty).

In practicethismeansthatnoaliasingartifactswill occurwhensamplesfrom f arecollectedatarotated
setof samplepoints. A morespeci�c examplewould be that rotatinga light function will not causeany
light amplitude�uctuation.

5.2.4 Fast Integration

Thefastintegrationof theproductof any two sphericalfunctionsa andb hasalreadybeenexplainedin the
sectionaboutorthonormalpolynomials.But to underlinethe importanceof this propertyconsiderhaving
somesortof light transferfunctionthattransformsany givenincidentlight into acertainamountof exiting
radiance.If both the incident light function andthe transferfunction areexpressedin termsof spherical
harmonics,theevaluationof theexiting radiancecanbereducedtoadotproductof thecoef�cients. Thiscan
evenbequickly calculatedin a fragmentor vertex shaderon thenewergenerationsof graphicshardwareat
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anincrediblefastrate,while theevaluationof anarbitraryintegralover theupperhemispherein theshader
would justnotwork atall. TheSphericalHarmonicLighting technique(section6.2)will makegooduseof
this property.

5.2.5 Transfer Matrix

Now considerexpandingthe multiplication of two sphericalfunctionsc(w) = a(w)b(w) into spherical
harmoniccoef�cients, whereasa(w) canbeevaluatedat projectiontime, while it is not possiblefor b(w).
Think of b(w) asa visibility (or maybelighting) function anda(w) assomekind of weightingfunction,
representingoccludersthat limit thevisibility function(or the lighting) or maybeevenextendit whenthe
functionvalueis � 1 - which is abit hardto imaginethough,but couldpossiblybeexplainedby somekind
of optical magni�cation effect (binoculars).Sloanet al. [16] describedthis asa linear transformationof
b j 'scoef�cients by amatrix â whichcanbeobtainedby factoringoutb in thesphericalharmonicexpansion
of c:

ci =
Z

S
c(w)yi(w)dw =

Z

S
a(w)b(s)yi(w)dw

=
Z

S
å
k

(akyk(w)) å
j

(b jy j (w))yi (w)dw

= å
j

(
Z

S
å
k

(akyk(w))y j (w)yi(w)dw)b j

= å
j
å
k

(ak

Z

S
yk(w)y j (w)yi(w)dw)b j

= å
j

âi jb j (38)

andthus

âi j = å
k

ak

Z

S
yk(w)y j (w)yi (w)dw: (39)

In otherwordstransformingany givenvectorof sphericalharmoniccoef�cients b by thetransfermatrix
will yield a new vector of coef�cients c, which is equalto the harmonicexpansionof a(w)b(w). The
describedmatrix is mostlysparseandsymmetricwhichprovidesroomfor programmaticoptimizations.

What this techniquemakespossibleis to integrateover a triple productof functions,with two distinct
unknown parameters(while usingtheaforementionedfastintegrationonly allows thedependenceon one
unknownparameter).An exemplaryusageof this transfermatrixcanbefoundin Sloan,SnyderandKautz's
paper[16]. They areusingit to modelglossyradiancetransfer, whereasboththeview-dependentre�ection
direction(BRDF)andtheincidentlight function(incidentradiance)areunknown atpre-computationtime.

5.3 Rotation

It hasalreadybeenexplainedthatwhenrotatinga sphericalharmonicexpandedfunctionits extentswill be
sustainedexactly. But calculatingsucha rotationis notaseasyasrotatinganordinaryvectorspace.Robin
Green[12] hasdescribedthisproblemin depthandevencalledit aroyalpain-in-the-asswhenusinganaïve
approach.I will only covera smallpresentationof theproblemandthesolutionthathasbeenproposedby
Kautzet al. [17]. As we will seethis only workswell for the�rst coupleof sphericalharmonicbands,but
that is enoughfor thecauseof this work. The interestedreadercan�nd moreinformationon theproblem
in varioussources[18, 19, 20, 21]. Hereis how a low-orderrotationmaybecomputed:

From the orthogonalitypropertyit canbe derived that whentransformingcoef�cients of a particular
bandin the resultingfunction only coef�cients of that samebandare affected. What doesthis mean?
Firstly it meansthat a rotation can be expressedas a linear transformation,a n � n matrix to be exact.
Secondlythismatrixwill beblockdiagonalsparse,whichmeansthatit will containseveral"transformation
blocks"ontheprincipaldiagonaleachspanningtherectangularregionof a transformationof asingleband.
So thekey to a rotationwould be to �nd a ef�cient setof recurrencerelationsthatdependingon then-th
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bandrotationreturnsthen+ 1-th bandmatrix. Suchrelationscanbe found in theaforementionedpapers
but will notbedescribedhere.

Let us get backto the matrix. Eachentry in the matrix Mi j describeshow mucha sourcecoef�cient
j is like the rotatedcoef�cient i. Recallingthemethodto determinehow mucha orthogonalbasisis like
anotherthis canbeformulatedas

Mi j =
Z

S
yi(R̂w)y j (w)dw (40)

whereasR̂ denotestherotation.For example,anarbitraryrotationaboutthez-axis(= f ) by a is

Mz
i j (a) =

Z

S
yi(q; f + a)y j (w)dw: (41)

Therotatedcoef�cients c0
j canbecomputedfrom thesourcecoef�cients c j usingthelineartransforma-

tion c0
j = å i Mi j c j .

But this methodcomputedfor anarbitraryanglecanquickly becomevery expensive. Insteadthetrick
is to convert therotationmatrix into its ZYZ-Euler angledecomposition.A ZYZ-Euler rotationworksby
�rst rotatingaroundthez-axis,thenthey-axisand�nally thez-axisagain.Computingthez-axisrotationis
easy[12], but they-axis is morecomplex. However they-axisrotationcanbedecomposed:Firstly, rotate
aboutthex-axisby 90o andsecondlydo a generalrotationaboutthez-axis. Finally rotatebackaboutthe
x-axisby � 90o. Thetwo x-axismatricesaretransposedcounterpartsandcanbepre-calculated,sincethey
are�x ed. This canevenbeoptimizedfurtherasdescribedby RobinGreen[12] but sincethis work is not
aboutimplementationalspeci�csthoseoptimizationsarenot coveredhere.

6 SphericalHarmonics in Computer Graphics

In the following sectionI will give someexamplesof what sphericalharmonicscan be usedfor in the
�elds of computergraphics. The examplesfocus on enhancingreal-timerenderingby sourcingout or
approximatingpartsof the lighting equationusingsphericalharmonics.Usageof sphericalharmonicsis
not limited to theseapplicationsthough,sincethey canalsobe utilized for objectrecognitionandimage
basedrelighting[3, 4].

6.1 Irradiance Envir onment Maps

The�rst techniquehasbeendevelopedby Ravi RamamoorthiandPatHanrahanat theStanfordUniversity.
They proposeanef�cient representationfor irr adianceenvironmentmapsusingsphericalharmonics[3].

Envir onment maps: An environmentmap is usedto storedistant lighting distribution denotedby L.
Sinceit is assumedto be very far away, thereis no noticeablevariancein the lighting on an object,all
pointsonthesurfacearelit equally. Basedonthenormalvector~n theincidentlight atanarbitrarypointcan
belookedup. Sucha lookuprepresentstheresultof anintegrationover theupperhemisphereW(~n) at that
point,while not takinginto accountnearilluminationor visibility information(e.g.noshadows). Thelight
modelis assumedto belambertianandthussuchanintegralcanbedescribedastheconvolution

Z

W(~n)
L(w)(~n� w)dw = L ?A(~n) = E(~n) (42)

whereasE(~n) representstheirradianceof thesurfaceanddescribesthegrandtotal of incidentlight. Soan
environmentmaprepresentsawayto mapanormal~n to its correspondingirradianceE(~n) (whichmultiplied
by thesurfacealbedocorrespondsto theimageintensity).It is possibleto pre-computethisconvolutionfor
everynormaldirection,sincetheenvironmentmapis static.Sucha pre-computationis calledpre-�ltering
andtheresultis averyblurry environmentmap.
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Figure8: Imagecourtesyof RamamoorthiandHanrahan.It shows theresultof their Ef�cient Representa-
tion of Irr adianceEnvironmentMaps[3] renderedin real-time.

The new approach: WhatRamamoorthiet al. noticedis thatthis convolutioncanbeexpressedin terms
of sphericalharmonicsandsolved very ef�ciently in frequency space.Expandingthe light function L in
termsof sphericalharmonicsyields

L(q; f ) = å Lm
l Ym

l (q; f ) (43)

andde�ning max(~n� w;0) = max(cosq;0) asthecircular symmetrickernelfunction,alsoin its spherical
harmonicexpansionwith m= 0,

A(~n) = max(cosq;0) = å AlY0
l (~n) (44)

it turnsout (36) thattheconvolution(42) canbewrittenas

E(~n) = å a l Al Lm
l Ym

l (~n): (45)

Very intriguingaboutthissolutionis thatbecausea l vanishesvery fasttheirradianceis well approximated
by only 9 coef�cients. Themaximumerrorfor any pixel is 9% [3].

Especiallyfor renderingthis is a very importantpropertysincewhenwriting down the�rst 9 spherical
harmonicsin Cartesiancoordinates

Y0
0 (x;y;z) = 0:282095

f Y� 1
1 ;Y0

1 ;Y1
1 g(x;y;z) = 0:488603f x;z;yg

Y0
2 (x;y;z) = 0:315392(3z2 � 1)

Y2
2 (x;y;z) = 0:546274(x2 � y2)

f Y� 2
2 ;Y� 1

2 ;Y1
2 g(x;y;z) = 1:092548f xz;yz;xyg (46)
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Grace Cathedral Lightprobe

Eucalyptus Grove Lightprobe

Figure 9: Imagecourtesyof Ramamoorthiand Hanrahan. It shows a sourceenvironmentmap and its
pre-�ltered counterpartsusingthestandardimage-spacemethod(left) andthesphericalharmonicapproach
(right).

it becomesevidentthat this computationcaneasilybeperformedon the�y on modernfragmentor vertex
shaderhardwareby solvingthequadraticpolynomial(45).

E(x;y;z) =
2

å
l= 0

l

å
m= � l

a l Al L
m
l Ym

l (x;y;z)

= c1L2
2(x2 � y2) + c3L0

2z2 � c5L0
2 + c4L0

0 + 2c1(L� 2
2 xy+ L1

2xz+ L� 1
2 yz) (47)

+ 2c2(L1
1x+ L� 1

1 y+ L0
1z)

c1 = 0:429043 c2 = 0:511664 c3 = 0:743125 c4 = 0:886227 c5 = 0:247708

Alternatively thesphericalharmoniccoef�cients for every point on thesurfacecanbeprecomputedonce,
which reducesthereal-timecalculationto only a scalarproductof thevertex normal'scoef�cients andthe
irradiancecoef�cients. It shouldbe denotedthat eachcolor channelneedsa separatesetof coef�cients
becausethe lighting functiononly representsamplitudeof light, no colorization.For rendering,the result
of the aforementionedequationneedonly to be multiplied by the surfacealbedo,which is usuallytaken
from texturemap,to yield the�nal pixel output.

Pre-®ltering results: Traditionally an environmentmapis representedby eithera cubemap(which is
constructedusing six two-dimensionaltexturesrepresentingthe sidesof a cube)or a two dimensional
texture- usingaspecialcoordinatemapping,calledspheremapping,to warpthe2D imageontothesurface
of a sphere.Figure9 shows sucha two-dimensionalmappingof two light-probes[15]. As assertedbefore
thequality doesnot differ much. The imageson the right siderepresentthepre-�ltered irradiancemaps.
With a traditionalapproachpre-�ltering takesO(S� T) time,whereS is thesizeof thesourcetexture(light-
probein thiscase)andT thesizeof theresultingirradiancetexture(usuallysomethingaround64x64=4096
texels or even larger). The new approachby Ramamoorthiet al. only needsO(9 � T), becauseonly 9
coef�cients needto becomputed.It is obviousthatwhile saving a lot of processingtime this alsosavesa
lot of memory.
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6.2 SphericalHarmonic Lighting

6.2.1 Intr oduction

This may be the most impressive examplefor the usageof sphericalharmonicsin computergraphics.
Sphericalharmoniclighting is atechniquethatcaneffectivelydeliverreal-timedynamicglobalillumination
at averyhigh performance.Therearesomelimitations,but mostof themcanbecircumvented.

The Rendering Equation: Beforestartingwith thesphericalharmonicsolutionof thelighting equation,
oneof theholy grailsof real-timecomputergraphicswill beintroduced:theaccuratecomputationof what
Kajiya hasreferredto asthe renderingequation[22] - completelyin real-time. The renderingequation
expressesthe light intensitytransferredfrom a point x in directionwv andin differentialangleform it is
de�ned as

L(x;wv) = Le(x;wv) +
Z

S
R(x; � w;wv)L(xw; � w)G(x;xw)V(x;xw)dw: (48)

Le(x;wv) describesthe light that is emittedby the point x in direction wv independentof any incident
light (e.g. anemissive surfacelike phosphor).Modeling this is theeasiestpart. R(x;w;wv) is thescalar-
valuedbi-directionalre�ectancedistribution function (BRDF) and it scalesthe light re�ected at point x
into directionwv dependingon theincidentdirectionw. ThegeometricrelationshipG(x;x0) describeshow
the two parameterpointsx andx0 arerelatedto eachotherwhereasx0 is someotherpoint of thescenein
directionw from x. Oneof themostprominentexamplesfor sucha relationshipis the lambertiancosine
term. Finally V(x;x0) describesthevisibility relationshipbetweenthetwo points,which is either1 or 0. It
becomestrue if a ray castfrom x to x0 is not occludedby any othergeometryandis falseotherwise.The
mostdif�cult problemof this equationis to solve therecursionof L(x;wv) alsotermedinterre�ection.

Review of previoussolutions: Hereis aquick review of previousreal-timesolutionsfor this equation:
Id Software's Quake (1996)pioneeredwith a solutioncalledreal-timelight-mapping. This technique

usesa radiosityalgorithm[24] to pre-computethe diffuselighting (which wasvery time consumingand
took hoursto days)of theentirescene,storingit into textures.Oneimplicationof this approachwasthat
no dynamiclighting couldbe taken into accountwhencomputingthe lightmaps.Additionally theBRDF
hadto bestaticsincethe lambertianre�ection modelusesanequaldistribution of light into all directions
(R(x;w;wv) is constant).Dynamic lighting wasfaked by additive blendingof unshadoweddiffusepoint
light sourceswith V(x;x0) = 1 andno interre�ections.

This techniquecanstill be found in a lot of moderngames,with the mostprominentexamplebeing
Half-Life 2 by Valve Software. They areusinga modi�ed versionof this techniquewherethe lightmap
is computedfrom threedifferentangles. Therebythey circumvent the BRDF limitation andareable to
approximateglossyre�ections[23].

A moremodernapproachis to usestencilvolumeshadowsor shadowmapsto solvetheequation.While
this techniqueallows completelydynamiclighting, thereareno interre�ections. Additionally point lights
areassumed.Sincethosehave no areaandonly consistof onepoint - hardshadow edgesare implied.
Thereareworkaroundsthat simulatesphericalarealights usingpointslights followedby a smoothingof
theshadow edge.

So in the pastyou alwayshadto choosebetweenquality (in termsof interre�ection andarealights)
and�e xibility (dynamiclight sources).Using sphericalharmonicsit is possibleto have both - real-time
dynamiclightsourceswith interre�ectionsandarealight sources.Althoughtherearelimitationsit still is a
steptowardsthegoal.

6.2.2 The new algorithm

Now the solutiondevelopedby Sloanet al. [16] be describedin detail (a programmaticexplanationhas
beenwritten by Robin Green[12]). The basicideais to divide the renderingequationinto a light source
functionLI aswell asa (pre-computable)transferfunctionT:

L(x;wv) = Le(x;wv) +
Z

S
LI (x; � w)T(x; � w;wv)dw (49)
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Figure10: Exampleof a scenelit by pre-computedsphericalharmoniclighting. Thereis only onelight
source,thesun,but noticethe interre�ectionsthatcausetheceiling, the top of thepedestalandthewings
of thestatueto beslightly illuminated.

Thelight sourcefunctionLI (x;w) describesexactly thefractionof thelight incidentat point x from di-
rectionw thathasbeenemitteddirectly from alightsource- without takinginto accountany interre�ections
(indirect lighting). Therearetwo possiblesettingsfor LI . Firstly, given the ideal settingof low variation
of the light sourcefunction for theentiresceneonly onecopy of the light sourcefunction is requiredand
sharedby all points. For instancea settingwherea distantlight like the sunlighting a small scene(like
a chessboard)would ful�ll this property. This works becausethe light is so far away that given any two
pointsx andxw onthesurfaceof thescenethedifferencebetweenLI (x) andLI (xw) is neglectible.Secondly,
if theenvironmentconsistsof local lighting (eg. light sourcesthatarecloseto theobject)LI will vary at
differentpointson theobject.In this caseit is possibleto take samplesof thelight functionandinterpolate
betweenthemwhenrendering,effectively creatinga �eld of incidentlighting. This does,however, break
someassumptionsaboutinterre�ectionsthatwe needto make,sothiscannotbeused

The transferfunction T(x;w;wv) describeshow light arriving from LI is transformedinto irradiance
in directionwv. Note that not only light arriving at the point x is transformed.Sincetherepossiblyare
interre�ectionsarriving at x, T might transformlight thatdoesnot directly arrive from thelightsourceinto
irradiance.Dependingonthelight modelused,T canbeexpressedasasphericalfunctionwhichoptionally
dependson theview-direction.For view-dependentlight modelsthetransferfunctionsneedto beapproxi-
matedby a sphericalharmonictransfermatrix (Chapter5.2.5)to transformincidentlight into a new setof
coef�cients thatcanlaterbeconvolvedwith theBRDF. On theotherhandthetransferfunctionsfor view-
independentlight modelscanbe approximatedby only usinga vectorof sphericalharmoniccoef�cients.
The transferfunctionsfor both casesaregeneratedin a pre-computingstep- that is likely to take a long
time for adetailedapproximation.

Whenrenderinga point on the surfaceits intensity is the solutionof equation(49). But sinceboth
functionsareexpressedin termsof sphericalharmonicstheequationreducesto

L(x;wv) = Le(x;wv) + å
i

LI
i Ti (50)
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for diffuseand
L(x;wv) = Le(x;wv) + å

i
a iRi(å

j
Ti jLI

j )y
i(wv) (51)

for view-dependentlight modelswhereaså j Ti jLI
j is the linear transformationof the light coef�cients by

thetransferfunctionandthesumover i describestheconvolutionof theBRDFkernelRwith thetransfered
light function.Evaluatingym

l returnsthevalueof theconvolvedfunctionatwv (whichis theview-direction).
Fromnow on the lambertianre�ection modelwill beassumedandthereforeno glossyre�ectionswill

bedescribed,althoughanin depthdiscussionof this re�ection typecanbefoundin [16].

6.2.3 Transfer functions

After this ratherquickanddirty overview it is time to go into moredetailaboutthetransferfunction.Since
in the lambertianmodellight is re�ected equallyin all directions,theaforementionedrenderingequation
canbesimpli�ed by removing all view-dependentparts:

Llam(x) = Le(x) +
r (x)

p

Z

S
L(xw; � w)G(x;xw)V(x;xw)dw (52)

The BRDF in this casereducesto constantterm r (x) which is called the surfacealbedoat point x. It
describesthe ratio of radiosity (which correspondsto imageintensity) versusirradiance. Now all that
remainsin the equationis the amountof incident light L, the geometricrelationship,and the visibility
functions.

Recallingthegeometricrelationshipin adiffuseenvironmentbeingde�nedasthenon-negativemax(~nx �
~v;0) (hasalreadybeenusedin the sectionon environmentmaps),whereas~nx is the normalvectorat the
pointx and~v thedirectionof theincidentlight, theequationcanbeexpandedto

Llam(x) = Le(x) +
r (x)

p

Z

W(~nx)
L(xw; � w) max(~nx �~vw;0)V(x;xw)dw: (53)

Theintegraldomainreducesto theupperhemispheresincefor thelowerhemispherethecosinetermwould
be0.

Threedifferenttypesof transferfunctionscanbederivedfrom thisequation.Eachoneaddsmoredetail
to the lighting, but alsotakesmoretime to compute. I will only give a brief ideaon how the following
transferfunctionscanbeevaluatedusingray-casting,for detailsconsultGreen'spaper[12].

Diffuse Unshadowed Transfer Function: The�rst transferfunctionTDU doesnot take into accountthe
visibility termV(x;x0) or interre�ections.Thereforetherenderingequationreducesto

LDU (x) = Le(x) +
r (x)

p

Z

W(~nx)
LI (x; � w) max(~nx �~vw;0)dw: (54)

Comparing(54) to (49) it quickly becomesclearthatthetransferfunctionhasto be

TDU (x;w) = max(~nx �~vw;0): (55)

Theresultof ascenelightedwith this functionlooksverysimilar to normaldot-productlighting,except
thatinsteadof pointor directionallight sourcesany arealight sourcecanbeused.Exampleusageof diffuse
unshadowedtransferfunctionscanbefoundin �gures 11(a)and11(b).

Diffuse Shadowed Transfer Function: The secondtransferfunction TDS is very similar to the afore-
mentionedone.In additionto TDU it does,however, includethevisibility term.Therefore,

LDS(x) = Le(x) +
r (x)

p

Z

W(~nx)
LI (x; � w) max(~nx �~vw;0)V(x;w)dw: (56)

whereasV(x;w) is trueassoonastheray with origin at x in directionw is intersectingpartsof thescene,
opposedto V(x;x0) wheretheraycheckis only performedin betweenx andx0. Following (49)yields

TDS(x;w) = max(~nx �~vw;0)V(x;xw): (57)
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Transfer function

(a)Schematicdiagram of adiffuseunshadowedtransferfunc-
tion. Greenarrows indicateunoccludedrays, while yellow
rays describeoccludedrays, that are neverthelessaccounted
into thetransferfunction.

(b) Example of a scenerenderedwith diffuse unshadowed
light transfer. Note that thereareno shadows except for the
cosineterm.

Transfer function

(c) Schematicdiagram of a diffuseshadowed transferfunc-
tion. Greenarrows indicateunoccludedrays,while red rays
describeoccludedrays that are now not taken into account
(cmp.®gure11(a)).

(d) Example of a scenerenderedwith diffuseshadowed light
transfer. Notethattherenow areshadows.

Figure11: Shadowedandunshadowedlight transferfunctions.

20



This meansthatto evaluatethis function,a ray needsto becastin everydirectionto determineif there
is anoccluderblocking incidentlight for thatdirection. With TDS the resultsarecomparableto dynamic
single-passradiosity. Examplescanbefoundin �gures 11(c)and11(d).

Diffuse Interr e�ected Transfer Function: Thediffuseinterre�ectedtransferfunctionis themostcom-
plex of thethree.It solvesequation(53) completely, althoughit needsto bedividedinto two parts- oneof
themwehavealreadyseen:

LIR(x) = Le(x) +
r (x)

p

Z

W(~nx)
LI (x; � w) max(~nx �~vw;0)V(x;w)dw (58)

+
r (x)

p

Z

W(~nx)
LR(x; � w) max(~nx �~vw;0)(1� V(x;w))dw:

LR(x;w) depictsthe interre�ectedpart of the incident light arriving at x in direction w. So the second
integral describesall light which is arriving at x thatwasre�ectedby anotherpoint of thescene,usingan
inversevisibility checkto maskout direct lighting (Note: this is not neededhere,becauseLR doesonly
cover theinterre�ectedpartsanyway. But it will berequiredin a moment.).By usingLDS theequationcan
besimpli�ed, yielding

LIR(x) = LDS+
r (x)

p

Z

W(~nx)
LR(x; � w) max(~nx �~vw;0)(1� V(x;w))dw: (59)

Now a problemarises:What partof equationLIR is the light sourcefunction,andwherecanwe �nd
the transferfunction? The light sourcefunction (obviously) is thesame,but the transferfunction is more
complex now. Findinganexplicit expressionwill not beeasy, becausethetwo integralssomehow needto
bejoinedtogether.

But it is possibleto de�ne anin�nite seriesof transferfunctionsT IR
n that for n ! ¥ convergetowards

T IR. It canbede�ned as

T IR
0 (x;w) = TDS(x;w) (60)

T IR
n+ 1(x;w) = TDS(x;w) +

r (x)
p

Z

W(~nx)
max(~nx �~vwi ;0)V(x;xwi )T

IR
n (x0;wi )dwi (61)

What doesthis constructdo? In the �rst passonly the shadowed direct lighting is taken into account
yielding thesameresultsasTDS. But in thesecondpasstheshadoweddirect lighting is reintroducedand
an integrationover theupperhemisphereis performed.This integrationgathersall interre�ectedlighting
from thepreviouspass.

Theabovealsomathematicallydescribestheimplementationsuggestedby GreenandSloanet al. The
�rst passis performedjust like the diffusedshadowed calculation. All following passesaresimilar, but
insteadof rejectinglight if anintersectionoccursthetransferfunctionof theintersectingpoint is determined
andtakeninto account.Continuingthis for severaliterationswill quickly approximatetheinterre�ections.

Oneimportantlimitation thatarisesfrom theinterre�ectedtransferfunctionis the"baking"of material
properties(r (x)) into thetransferfunction. While this enableseffectssuchascolor bleeding,it meansthat
materialpropertiescannotchangeatruntime- whichis possiblewith thediffuseshadowedandunshadowed
transferfunctions.

Again,examplescanbefoundin �gures 12(a)and12(b).

6.2.4 Light functions

A light functionmapsa directionw to a light intensity. It is usuallydescribedusingthe threeRGB color
channels.Light functionareverysimilar to theenvironmentmapsdescribedbeforeandthosecanactually
beusedaslight functions. But computingandpre-�ltering environmentmapsat real-timeis problematic
at themomentandthereforeapproximationsareoftenused.For example,in a demoa dynamicallytinted
environmentmapis usedfor skybox renderingwhile the light function is just a quick, dirty andscripted
approximationof sunlightthatwasheavily tweakeduntil it �tted well enough.It usesacoloreddirectional
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PSfragreplacements

Final transferfunction
(a)Schematicdiagram of adiffuseinterre¯ectedtransferfunction.Theleft partis theshadowedtransferfunctionof x, while the
centerimagerepresentsanothershadowed transferfunction thatsendsout interre¯ections.Thesearescaledby thecosineterm
andaddedto the left function to yield the®nal interre¯ectedtransferfunction(cmp. ®gures11(a)and11(c)). Note that this is
only aschematicexample.In acorrectimplementationall redrayswould gatherinterre¯ections.

Shadowed

Interreflected

(b) Exampleof ascenerenderedwith diffuseinterre¯ectedlight transfer. An in depthlook at theceilingabove theoppositewall
andat thetop of thepedestalshow interre¯ectionsthataremissingin ®gure11(d). Five iterationshave beenusedto gatherthe
interre¯ectionsby shooting452 = 2025rayspervertex. Computationtime wasabout4 hoursperpassresultingin a total of 20
hours.

Figure12: Diffuseinterre�ectedlight transfer.
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light projectedinto sphericalharmoniccoef�cients for the sun anda slightly blueishambientterm that
is distributedequally into all directions(to fake the light refractionsby the atmosphereand the nightly
illumination by themoon). Theambienttermcanberealizedwith sphericalharmonicsby simply scaling
thezerothsphericalharmonicorderbasisfunction(sinceit representsequaldistribution into all directions).

To simulatethe movementof the sunthe light function is broughtinto the properrotationusing the
aforementionedZYZ-Euler operationdescribedabove. The color channelsarealsomodi�ed to simulate
duskanddawn.

More informationonapproximatingsunlightcanbefoundin Green'spaper.

7 Conclusion

This work haspresentedsomeorthogonalbasisfunctions,and how they can be combinedto form the
sphericalharmonics.Also, somepropertiesof thesphericalharmonicshave beendiscussedandexamples
of how they canbe usedhave beengiven. While the intentionwasto explain the sphericalharmonicas
simpleandilluminatingaspossible,it still is not trivial - bothto write andexplainaswell asto understand.
Hopefully it hasbecomeclearwhat sphericalharmonicscanbe usedfor in computergraphics,although
only two of theplentiful numberof applicationscouldbeillustratedhere. It hasyet to bedeterminedwhat
elsethoselittle adaptive sphericalshapedfriendscanbeusedfor - not only in computergraphics,but also
computervision (asBasriandJacobshaveshown [4]) andmaybeothergraphicsrelatedareaslikecollision
detection,arti�cial intelligence,andmore.
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Figure13: Picturesof a demorendererfeaturingthepresentedsphericalharmoniclighting techniquecom-
binedwith ahighdynamicrangepipeline.Thelowerimagesshow dayandnighttransitionswhile theothers
show arbitraryscenes.
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