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1 Intr oduction

Justasthe Fourierbasisrepresentanimportanttool for evaluationof convolutionsin aone-or two dimen-
sionalspacethesphericaharmonicbasisis a similar tool but de ned on the surfaceof asphere Spherical
harmonicshave alreadybeenusedin the eld of computergraphics,especiallyto modelBRDF andinci-
dentradianceaswell asBRDF inference[1, 2, 3, 8, 9]. But sphericaharmonicshave justrecentlybecome
feasibleto be usedin realtime computergraphicsgspeciallyin enhancinghe dynamiclighting of scenes
in realtime aswill beshawn laterin thiswork.

Themotivationof this pro-seminais to demystifysphericaharmonicdn asimilarway asRobinGreen
did [12] but with moremathematicabackgroundn the functionsthemselesandlessfocuson the actual
applicationswhichin Greens casewasatechniquecalledsphericalharmoniclighting.

Although the sphericalharmonicsare not the easiesmathematicafunctionsthis is an attemptat ex-
plaining andillustratingthemasplausibleaspossible- without leaving out the critical mathematicatela-
tionships.

Sphericaharmonicaresometimesgalledtheswissarmyknifeof mathematicaphysicsandthismetaphor
is extensibleto computergraphicsto a certaindegree,asthe attentive readerwill hopefully understandht
the endof this work.

2 Overview

First the requiredmathematicafundamentalswvill be reviewed. This includesa shortevaluationof or-
thogonalfunctions wherethe associated_egendie polynomialswill beintroducedandthe sineandcosine
functionswill be examinedregardingsomeintriguing properties.Thereafteisphericafunctionsandspher
ical polarcoordinatesvill bereviewedshortly,

Oncethe fundamentalarein placethey arefollowed by a de nition of the sphericalharmonicbasis
while evaluatingits mostimportantproperties.

Finally the focuswill move on examplesfor the usageof sphericalharmonicsto solve the common
lighting functionin a rathernew and partially precomputedvay. Also, the useof sphericalharmonicso
quickly relight objectsusingpre- Iteredirr adianceervironmenimapswill bediscussed.

3 Orthogonal functions

Orthogonal functions [6, 7] areclassesf functionsf pn(x)g that obey an orthogonalityrelation over

theirdomain[a; b]: 2
b

W(X) Pn(X) Pm(X)dX = Cnthm= CmUnm (1)

and Z,
W(X) pn(X) Pm(X)dX = Cndnm= CmOnm (2
a

for real-andcomplex-valuedfunctionsrespectiely. dy denotegheKroneclerdelta[6], de ned by
(

dy = :
. K6 |

w(x) is an arbitraryweightingfunctionindependenof n aswell asm andf = A(f) iA(f) denoteshe
comple conjugateof the complex numberf . With this property pn(X) is thencalleda basisfunction If
cn = 1 for all n the classis even orthonormal,which is a strongerrelationand providessomeadditional
properties.Amongstotherthingsorthogonalandorthonormalbasisfunctionsallow the expressiorof any
piecavisecontinuougunctionover|[a; b] asalinearcombinatiorof anin nite seriesof linearlyindependent
basisfunctions.

In otherwords: The basisfunctions p, aresmall piecesof information. Scalingandcombiningthem
producesitherexactly the original function f (if anin nite seriesof basisfunctionsis usedor thefunction
is band-limited)or a band-limitedapproximationf of the sourcefunction (if only a nite numberof basis
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(a) Projection of thered polynomialinto the ®rst few Legendrecoef- (b) Reconstruction of the original function by
®cientsk,. summingthe scaledbasisfunctions.

Figure1: An exampleof an expansionandreconstructiorof f(x) = 1:75x3+ 0:6x?+ 0:21x  0:06 using
the rst four Legendrepolynomialsl, x, 3(3x2 1) and3(5x% 3x).

functionsis usedwhile the sourcefunctionalsoconsistf signalsof higherfrequeng thanthe threshold).
Band-limiting meansthat frequenciesigherthana certainthresholdareremoved andthis is similar to a
low-passlter appliedonthefunctionbeforethe harmonicexpansion.

For the approximatiorthe maximumerror

mxaxkf~ (¥  f(0k (3)
is in generaproportionalto the numberof basisfunctionsused.

Projection and Reconstruction: So everything neededto approximatea given function f arbitrarily
accurates to computethe coefcients k, describinghow mucheachbasisfunction pj is like f. Thisis
doneby integratingthe product 7

() Pn(X)dx = kn (4)

over the full domainof f. The aforementionegrocesss calledprojectionor expansion An exampleis
shavnin gure 1(a).Its inverseprocesss de ned asthelinearcombinatiorof all basisfunctionsscaledby
theirassociatedoefcients

; )
f)= & kipn  or ()= & kapn (5)

n=0 n=0

Thisis calledreconstructiorandit is demonstratech gure 1(b).

Integration of orthonormal series: In additionto the orthogonaketof propertiesanimportantproperty

of the orthonormalfunctionsis the following: Considerthe integral of a productof ary two arbitrary
piecevise continuoudunctionsa(x) andb(x).
A

a(x)b(x)dx = ? (6)



Expandingthesefunctionsinto band-limitedfunctionsa and b with coefcients a, and b, respectiely
transformgheintegral into a simpledot productof the projectioncoefcients.

z N
a(X)b(x)dx= & anbn: (7)

i=0

This effectively reduces symbolicintegrationof the productof two functionsinto aseriesof multiply-adds
which arealot easierto compute.

Numerical Integration: Whenevaluatingintegralsfor harmonicexpansione.g.anintegral of afunction
thatdescribesheincidentlight intensityfor angivenpointin acomplex scene)jnsteadof performingsym-
bolic integrationit is oftennecessaryo useothersolutions- especiallyin the eld of numericalcomputer
simulation.Onesuchsolutionis calledthe Monte Carlo Integration. It basicallyconsistof takinga num-
berof samplesf the function (probabilisticgathering)andusingthemto approximatehe correctintegral
result. Themoresamplesaretakenthelesserroris introducedn this integration. Onekeyword thatis used
later on whencomputingsphericalharmoniccoefcients is known asthe Monte Carlo Estimatorandit is

de nedas 2

1)
fo g a foawx) (8)
i=1

wheref denoteshefunctionwewantto integrate N thenumberof samplesf (x;) representsnesampleand
w(x;) representaweightingfunctionfor eachsamplewhichis its reciprocalprobability. More information
onthetopic canbefoundhere[6, 10, 11, 13].

Examples: A prominentexamplethat makesuseof the orthogonalityrelationshipis the Fourier series
[6], which providesa corvenientmethodof expandingperiodicfunctionsinto anin nite sumof sinesand
cosines.Therewill be moredetailson the sineandcosineorthogonalitylaterin this sectionsincethey are
oneof thefundamentalsphericaharmonicsarebuilt upon. Additionally a classof orthogonapolynomials
will beanalyzednamedaheassociatedlegendrepolynomials.They areofteninterconnecteavith andwill
beusedto de ne aswell asexplorethe sphericaharmonics.

3.1 AssociatedLegendre Polynomials

The rst classof orthogonalfunctionsis namedafter Adrien-Marie Legendre(1752-1833)a frenchmath-
ematician.In generalrepresentetby the symbolP™ the associated egendrepolynomialsarereal-valued
andde nedovertherange[ 1;1]. An explicit de nition is

md —— i+m
= OO0 @ o S 1) ©

althoughit is rarely usedfor computationalpurposespecausehe evaluationis tricky and numerically
unstable.

Thefunctiontakestwo integerargumentd andmwhichareconstrainedby | 2 Ng andm2 [0;1]. | isused
asthebandindex to divide the classinto bandsof functionsresultingin atotal of (1 + 1)I polynomialsfor a
[-th bandseries With respecto | andw(x) = 1 theassociatetlegendrepolynomialsobey theorthogonality

relationship 7
1

AMOIPROIGK= do !

@+ D00 m

However, for differentm on the sameband, the polynomialsare orthogonalwith respectto a different
constantand anothemweightingfunction. If neitherm= m°nor| = 1°the polynomialsare not orthogonal
atall. Whenusedin sphericaharmonicsthis orthogonalityneedgo be establishedby anotherorthogonal
polynomial.

For a betterunderstandinghe rst few functionsareshavn in gure 3.1 and usedfor the harmonic
expansionin gures 1(a),1(b)with | = 0::3andm= 0. If m= 0, asit canbefoundin theaforementioned

(10)
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Figure2: Firstfour bandd = 0;:::; 3 of theassociated egendrepolynomials

example,they degenerateo the unassociatetlegendrepolynomialswhich will however not be discussed
in thiswork.

Theassociated egendrepolynomialscanalsobede ned usinga setof recurrencerelations

PMx) = ( 1)™2m 1u@a x3m™? (11)
P 1(¥) = x(2m+ 1)PR(x) (12)
(I mMP"x) = x@2 DR (+m 1R (x) (13)

which will comein handywhenimplementingthe function in a computerapplication,especiallysince
they areeasierto computeandlesssusceptibléo numericalerrorscomparedo othermethodd6, 14]. To

evaluatea givenfunctionvalueP™(x) primarily equation(11) is usedto generatehe highestP? possible.
Thereaftefor | = mthecorrectvaluehasbeencomputed Otherwiseall thatis left to dois to raisetheband,
s0(12) is usedonceto getto the next band,andthen(13) canbeiterated(becausdét dependonl 1 and
| 2resultsthesecondule needgo beappliedonce)until the correctansweris found.

3.2 Sineand Cosine

The otherimportantset of orthogonalfunctionsis the sine and cosineset. Despitebeingthe key func-
tionswhentalking of sphericalor circular systemsthey alsoobey the orthogonalityrelationover[ p;p].
Following key integralidentitiescanbede ned, andwill beof goodusewhende ning sphericaharmonics:

4

P
sin(mX) sin(nX)dx = pdmn (14)
z,°
cogmx cognx)dx = pdmn
Zp
sin(mX) cognx)dx= 0
z Pz

p p
sin(mxdx = cogmxdx= 0
p p

whereaan;n 6 0 arecalledphases As notedabove, theseintegral identitiesareoneof the key properties
the Fourier Seriesis built upon.



Anotherimportantpropertyof the sine and cosinefunctionsis relatedto the complex numbers. It is
calledthe Euleridentity andde ned as

ef = cogf) + isin(f): (15)

For moreinformation,see[6, 5].

4 Spherical functions

Now the key fundamentaldor the maintopic arede ned andexplained. But beforethis work jumpsinto
the colorful world of sphericalharmonicsthereare somesmall corventionsthat needto be reviewed in
orderto ensurea properunderstanding.

4.1 Spherical polar coordinates

Whentalking aboutsphericafunctionsit is corvenientto usesphericapolar
coordinatesnsteadof the Cartesianones. The sphericalcoordinatesystemis ‘i
de ned by two anglesq andf , wherea® f < 2p describesheazimuthalangle Fv h
in the xy-planeoriginatingat the x-axisand0 g < p denoteghe polarangle
from the z-axis. Additionally aradiusr is usedto representhedistancerom the 43 "
origin of thecoordinatesystemput it canbe omittedfor normalizedcoordinates,
which all lie on a unit sphereand thereforehave a uniform distancefrom the '
origin of r = 1. See gure 3. Carehasto betaken whencomparingspherical
functionsfrom differentsourcessincethereis no generallyacceptedtonvention
aboutthesemantic®f f andg, thusthey maybe swappedor de ned differently.
Therelationshetweera pointin the Cartesiarandsphericalpolar coordinatesystemdor this work are
de nedas

Figure3: Polarcoordi-
natesystem

p
ro= X2+ y2+ 22 (16)
f = cot 3—: a7)
p !
2+ 2
q = sint 7xr+y = cos ! ? (18)

andanalogouslytheinverserelations

= rcosf sing (29)
= rsinf sing (20)
Z = rcosx (21)

4.2 De nition

A sphericalfunctionis a mappingof sphericalcoordinategq;f) to a scalarvalue. In this work spherical
functionsareassumedo bereal-valued althoughcomplex-valuedfunctionscanbe harmonicallyexpanded
by the complex sphericalharmonicsseriesanalogously Sphericalfunctionscan easily be visualizedby
eitherdisplayinga textured sphere wherethe intensity of a point on the surfacerepresentshe value of
thefunctionat thatpoint (Figure4(b)), or by displacingthe pointson the surfaceof the spherealongtheir
correspondingnormalvectorbasecdon thevalueof the function(Figure4(a)).

An integrationcanbe thoughtof assummingin nitesimal patchesf area. The parameterizationf a
sphereusingpolar coordinatecauseghe patcheson the equatorto be biggerandthusshouldhave more
in uence on the solution of the integral comparedo the patchesat the poles. To encodethis effect an
integrationof asphericafunctionis pre-multipliedby sin(g) whichis 1 attheequatoyvanishestthepoles
andis directly proportionalto the areaof the patcheqwhich only dependn g). To enhanceeadability



(a) Displacedunit spherewith randomcoloriza- (b) Textured unit sphereusingthe spectrumshovn on
tion. theright sideto visualizehigh andlow functionvalues.

Figure4: An exemplarysphericafunction f(q;f) = %(cos(Gf)3+ sin(g)*+ 1) plottedwith bothpresented
techniques.

suchanintegrationof asphericafunction f(q; f ) overthesurfaceof aunit sphereSwill beexpressectither
in theexplicit sphericakoordinateform or asanintegral over theimplicit surfaceS.

ZpZ, z
f(q;f)sin(q)dgdf = f(w)dw (22)
0 s
Analogously anintegral over the surfaceof anhemispher&\n) in directionn is denotedas
ZpZ, z
f(q;f) sin(@)h(n; g; f )dadf = f(w)dw (23)
0 W)
whereas
1 0 +H vy
h(m;q;f) = d
(R 0 otherwise

with vy beingthevectorfrom the centerof the unit-sphereo the pointdescribedy g andf . Additionally
lateron x,, will beusedto describeary pointin directionw.

5 SphericalHarmonics

Now we nally arrivedattheactualtopic of this work andthe sphericaharmonicsarevery close.With all

therequiredfundamentalsle ned now a formal write up andexplanationof thede nition of the spherical
harmonicswill follow. After thatdetailsof the importantpropertieghatresultfrom this de nition will be
discussedFinally rotationof a sphericaharmonicfunctionaredescribedrie y .

5.1 De nition

In section3 it is shavn that the associated egendrepolynomialscan be usedto expressary piecavise
continuousfunction over the interval [ 1;1] eitherasanin nite seriesof polynomials,a nite seriesof
polynomialsfor a band-limitedapproximationor a nite seriesof polynomialsin casethe function itself
doesnot have frequencieshigher than a certainthreshold. Whenlooking at the de nition of spherical



coordinatesn sectiond it maybecomenbviousthatwe canexpressary circularly symmetricfunction(like
I = 2;m= 0in gure 6), which hasno dependencenf, in termsof the associated.egendrepolynomial
by mappingq into the[ 1;1] domainusingcosg. But we needsomemechanisnto provide orthogonality
in caseof non-circularsymmetricfunctions. This canbe realizedby combiningthe associated.egendre
polynomialsfor the g dependenceith the sineandcosinefunctionsfor thef dependenpart. Now with

thebasicideaexplainedaformal descriptionof the sphericaharmonicswill follow and nally they will be
investigated.

A completeformal de®nition of the comple-valuedsphericaharmonicserieswith two argumentd 2
Noand I m |isgivenby

Y™(g;f) = N™R™ (cosq)e™ (24)

whereN™ is anormalizationcoefcient. As for the Legendrepolynomials denoteshebandindex. Using
Euler'sformulatheequationcanberewritten as

YM(q;f) = N™P™ (cosq)(cog(mf ) + i sin(mf ) (25)

andit becomesvidentthat, asdescribedabove, the sphericaharmonicsarebasedon the associated.eg-
endrepolynomialsfor the g andsineandcosinefunctionsfor thef dependenceSee gure 5.

N \ //A\
W q @i

sin(2f) PZ(cosg) = 2(7cofq 1)sirPq

Figure5: A demonstratiorof the functionaldependenciesf both coordinateaxes. Theleft imageshows
thef dependenceith the correspondingine-wave (phasem= 2) while the centerimagedisplaysthe g

dependencalongwith its associated egendrepolynomial P} . Combiningbothyieldstheright pictureof
thesphericaharmonicbasisfunctionyﬁ.

Thenormalizatiorfactorcanthenbederivedfrom

Z P
Snm(w)v.'af’(w) Sin(@)dw = dimqpdhjo (26)

which concurrentlyproofsthe orthogonalityof the sphericalharmonics.The sin(q) weightsthe function
valuesby the distancefrom the equator This is dueto the aforementionedact that integratingspherical
coordinatesanbe seenmasintegratingsmall patcheon the sphere.







Solvingtheequation(26) by expandingy," yields:

z 2pZ p R
Yi™(a; f) Y87 f ) sin(g) dadf
0 0
ik e
= lYlm(Q;f)Ym (g:f)d(cosu)df
221 o jmf jmf T
= 1NI Nlo P (cosq)Ply "’ (cosa) €™ em* d(cosq)df
L 1 .. : z 2
=N" N;{,’ﬂ P™(cosq) Fﬂlg“q (cosg)d(cosg) €M em? df (27)
|2 {z N2 {z—)
g-dependenpart f -dependenpart

Solvingthef dependenintegral, whichis basednthesineandcosineintegral identities,resultsin
z 2

P gt g g
ZO
2p
= (cogmf) + isin(mf ))(cogm¥) isin(m%))df
VA
= ozpcos(nw)cos(mof)+sin(mf)sin(mof)+icos(mor)sin(mf) i cogmf ) sin(m% )df
A A Z A
= coqmf)cogm¥)df + sin(mf)sin(m¥)df +i( cogm¥) sin(mf )df cog(mf ) sin(m% )df )
I {z bl {z P {z bl {z }
=Py =Pdiep =0 =0
=2pQmnp (28)

by applyingthe Euler formula (15) andthe aforementionedntegral identities (14). Similarly for the q
dependenintegral, which onthe otherhandis basedn the associated.egendrepolynomials:
Z,

A(cosa) PR (cosq)(cose) = 5> (1+ m!

A+10 mioe

(29)

while assuming m= mC Therefore by pluggingthe two derivedidentities(28) and(29) into (27), which
yields

4 I+ m)!
NlmegOZ' +p1EI m;|dII0dmnP: 010G (30)
it become®bviousthat s
20+ 1(1 m)!
m — .
T T Grml (31)

Real SphericalHarmonics: Consideringhatmostapplicationsof sphericaharmonicgequireonly real-
valuedsphericalfunctions,like BRDF calculationandapproximationjrradianceestimationandspherical
harmonidighting, it is corvenientto de ne thereal-valuedsphericaharmonicdunctionas

8p_. _

2 P 2A(Y™) = P 2N cogmf )R™(cosq) if m> 0

= \rgo_ = N|°P|°(cos_q)l _ N if m=0 (32)
© U 2A0Y™ = T 2N sin(jmif )™ (cosg)  if m< 0

While the complex sphericaharmonicbasisincludesa pair of sines the separatedimaginaryandrealparts

of the re@l sphericalharmonicsonly have onesine,andthusthe normalizationneedsto be adjustedby a

factorof = 2 for thosecaseslin thefollowing paragraphspnly the real sphericaharmonicpartis covered,
for theaforementionedeasons.

Ry . R - . . .
INotethat ppsm(x)dx: p;;f‘asm(x)dx becaus®f the periodicalappearancef sineandcosine.

2Thereis no needfor them6 m°casebecausé is alreadyhandledby (28)

10



Insteadof usingtwo parameterdt is sometimeausefulto atten the sphericalharmonicfunctionsin
a speci c orderinto a one dimensionalector, so thatthey caneasily be enumerated.Thusthe function
Yi(q; ) = y(a;f) withi = (I + 1)I + mis usedwheneersuited.

To getabetterunderstandingf the sphericaharmonicsandwhatthey look like, the rst few functions
canbeseenn gure 6.

All threeclasse®f sphericaharmonicareillustrated:

The zonal harmonicsare all sphericalharmonicswith m = 0 which meansthat they are circular
symmetricasdescribedn the exampleat the beginning of this section.They aretermedzonalsince
thevisual curvesthatappearon the unit sphereareparallelsof the equator(latitude)andthey divide
the unit sphereanto zones It mayalsoberelevantto mentionthatsincem= 0 the harmonicseduce
to associatedlegendrepolynomials.

Sectoal harmonicsarethosesphericaharmonicsof theform ng‘] .

Tesseal harmonicsareall othersphericaharmonics.Therelatedunit spheres usuallydividedinto
severalblocksin longitudeandlatitude.
5.2 Properties

Thefollowing sectionwill coverthemostimportantpropertiesof the sphericaharmonics.

5.2.1 Harmonic expansion

Sinceit hasalreadybeenillustratedthatsphericaharmonicform anorthonormabasis projectingaspher
ical functioninto sphericalharmoniccoefcients is simpleanda straightforward applicationof de nition
(4). Replacinghearbitrarypolynomialbasisp,, by therealsphericaharmonicbasisfunctiony; transforms
theequationinto 7

k= f(9v(9ds (33)

Source function n=0 n=2 n=4 n=6 n=8 n=10 n=15

Source function

Figure7: An exampleof a band-limitedsphericaharmonicexpansionsn denoteghe ordet

By combiningthis with the aforementioned/ionte Carlo estimatora numericalsolutionfor the coef-
cients ki canbede ned. In the Monte Carlo estimatora weightingfunctionis usedfor every sample.If
thesamplesarecarefullychosenpy makingthemindependentf the parameterizatioof the sphereusing
atechniqudike strati ed samplingasdescribeddy [12], the weightingfunctionturnsinto a constanterm
becausall sampleshave an equalprobability. This probabilityis 4_]b for an equaldistribution of samples

11



onthesurfaceof a unit sphereandthereforetheresultingweightingfunctionis w(x;) = 4p. Thenumerical
solutionfor theintegrationproblemcanthenberewritten as

1
n

= & 10094 = & 105)m0) (3

j:l j:].

withn! ¥. Someexampledor suchexpansionganbeseenn gure 7.

What canalsobe seenin the gure is thatusinga nite seriesof coefcients will only reconstrucein
approximationof the original function exceptthe sourcefunction doesnot have higherfrequencieghan
the onesthat canbe capturedby the highestordersphericaharmonicbandused.(n+ 1)2 coefcients are
usedfor suchaband-limitedapproximatiorof then-th order This quadratiagrowth malkesit crucialto nd
the right trade-of betweenquality of the approximationand memoryconsumedy the coefcients. Ra-
mamoorthiandHanrahari3] aswell asBastri[4] have shovn thatfor lambertiarre ectanceandirradiance
approximatiorasecondrderapproximatior(usinga9 coefcients, a9D subspacasthey call it) is already
sufcient. More detailsaboutthis will follow laterwhenproviding someexamplesof sphericaharmonics
in computergraphics.

5.2.2 Convolution

Imaginea convolution of a sphericalfunction f with a kernelfunctionk. For exampleit canbe a low-
passlter in orderto remove highfrequenciegrom the sphericafunction,maybeto preventartifactswhen
computinga band-limitedexpansionof a high frequeng function. This kernelfunction hasto be circular
symmetric,which impliesthatit doesnot have ary f dependenceéjecausehe resultof a non-symmetric
convolutionwould notbe de ned overthe sphereput ratherin the correspondingpecialorthogonalgroup
S03. Applying the Funk-Hecle-Theorenj4] yields

r

(k?f)"=

4p

T+ 1k10f|m: alk’fm (35)

which meanghat harmonicexpansionof the corvolution is equalto expandingboth functionsseparately
scalingthemby a;. Thereforethe sphericaharmonicreconstructiorof a convolution canbewritten as

QDox

|
f=k?f=3 & @k fmy™ (36)

0

5.2.3 Rotational invariance

Letgbeacopy of f rotatedby anarbitraryrotationR overthe unit sphere Thefollowing relationshipcan
bede ned:

a(s) = F(R(9) @37

In otherwordsit doesnot matterif the function or the input is rotated- the resultis the same. This
is a very critical propertycalled rotationalinvariance(readersfamiliar with the one-dimensionakFourier
transformatiormay seethe analogyto the shift-invarianceproperty).

In practicethis meanghatno aliasingartifactswill occurwhensamplesrom f arecollectedatarotated
setof samplepoints. A morespeci ¢ examplewould be thatrotatinga light functionwill not causeary
light amplitude uctuation.

5.2.4 FastiIntegration

Thefastintegrationof the productof ary two sphericafunctionsa andb hasalreadybeenexplainedin the
sectionaboutorthonormalpolynomials. But to underlinethe importanceof this propertyconsiderhaving
somesortof light transferfunctionthattransformsary givenincidentlight into a certainamountof exiting
radiance.If boththeincidentlight function andthe transferfunction are expressedn termsof spherical
harmonicstheevaluationof theexiting radiancecanbereducedo adot productof thecoefcients. Thiscan
evenbequickly calculatedn afragmentor vertex shadeon the newer generation®f graphicshardwareat

12



anincrediblefastrate,while the evaluationof anarbitraryintegral overthe upperhemispherén the shader
would justnotwork atall. The SphericaHarmonicLighting techniqugsection6.2)will make gooduseof
this property

5.2.5 Transfer Matrix

Now considerexpandingthe multiplication of two sphericalfunctionsc(w) = a(w)b(w) into spherical
harmoniccoefcients, whereasa(w) canbe evaluatedat projectiontime, while it is not possiblefor b(w).
Think of b(w) asa visibility (or maybelighting) function anda(w) assomekind of weightingfunction,
representingccluderghatlimit the visibility function (or the lighting) or maybeeven extendit whenthe
functionvalueis 1 - whichis abit hardto imaginethough,but could possiblybe explainedby somekind
of optical magni cation effect (binoculars). Sloanet al. [16] describedhis asa linear transformatiorof
bj's coefcients by amatrix & which canbe obtainedby factoringoutb in thesphericaharmonicexpansion
of c:
Z z
G=_cwWywdw= " aw)b(s)yi(w)dw
Z
= A (ayk(w) & (bjy; (W) yi(w)dw
S % j
(& @W)Y; (w)yi(w)dwb
k
z

(ax Syk(W)yj (W)yi(w)dw)b;

Qo . Qo

2 <~ Q)

ibj (38)

1
— Qo —

andthus z
&= a a KW (W)yi(wydw: (39)
k

In otherwordstransformingary givenvectorof sphericaharmoniccoefcients b by thetransfermatrix
will yield a new vector of coefcients ¢, which is equalto the harmonicexpansionof a(w)b(w). The
describednatrix is mostly sparseandsymmetricwhich providesroomfor programmatioptimizations.

What this techniquemakespossibleis to integrateover a triple productof functions,with two distinct
unknown parametergwhile usingthe aforementionedastintegrationonly allows the dependencen one
unknown parameter)An exemplaryusageof thistransfematrix canbefoundin Sloan,SryderandKautz's
papel{16]. They areusingit to modelglossyradianceransferwhereadoththeview-dependente ection
direction(BRDF) andtheincidentlight function (incidentradianceareunknown at pre-computatiotime.

5.3 Rotation

It hasalreadybeenexplainedthatwhenrotatinga sphericaharmonicexpandedunctionits extentswill be
sustainedxactly. But calculatingsucha rotationis not aseasyasrotatingan ordinaryvectorspace Robin
Green[12] hasdescribedhis problemin depthandevencalledit aroyal pain-in-the-assvhenusinga naive
approachl will only coverasmallpresentatiorf the problemandthe solutionthathasbeenproposedy
Kautzetal. [17]. Aswe will seethisonly workswell for the rst coupleof sphericaharmonicbands but
thatis enoughfor the causeof thiswork. Theinterestedeadercan nd moreinformationon the problem
in varioussourceg18, 19, 20, 21]. Hereis how a low-orderrotationmay be computed:

From the orthogonalitypropertyit canbe derived that whentransformingcoefcients of a particular
bandin the resulting function only coefcients of that samebandare affected. What doesthis mean?
Firstly it meansthat a rotation can be expressedas a linear transformationan n matrix to be exact.
Secondlythis matrixwill beblock diagonalsparsewhich meanghatit will containseveral"transformation
blocks"ontheprincipaldiagonaleachspanningherectangularegion of atransformatiorof asingleband.
Sothekey to a rotationwould beto nd aefcient setof recurrenceelationsthatdependingon the n-th
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bandrotationreturnsthe n+ 1-th bandmatrix. Suchrelationscanbe foundin the aforementionegbapers
but will notbedescribedere.

Let us getbackto the matrix. Eachentryin the matrix M;; describeshaw mucha sourcecoefcient
j is like therotatedcoefcient i. Recallingthe methodto determinehow mucha orthogonalbasisis like
anothetthis canbeformulatedas

z
Mij = Syi(m)YJ (w)dw (40)
whereasR denotegherotation. For example,anarbitraryrotationaboutthe z-axis(= f) by a is
z
Mfi(a) = Syi(Cl;f + a)yj(w)dw: (41)

Therotatedcoefcients c(j’ canbecomputedrom thesourcecoefcients c; usingthelineartransforma-
tion cf = &; Mijc;.

But this methodcomputedor anarbitraryanglecanquickly becomevery expensve. Insteadthe trick
is to corvertthe rotationmatrix into its ZYZ-Euler angledecomposition A ZYZ-Euler rotationworks by
rst rotatingaroundthez-axis,thenthey-axisand nally thez-axisagain.Computingthez-axisrotationis
easy[12], but they-axisis morecomplex. However they-axisrotationcanbe decomposedFirstly, rotate
aboutthe x-axis by 90° andsecondlydo a generalrotationaboutthe z-axis. Finally rotatebackaboutthe
x-axishy 90°. Thetwo x-axis matricesaretransposedounterpart@ndcanbe pre-calculatedsincethey
are x ed. This canevenbe optimizedfurtherasdescribedy Robin Green[12] but sincethis work is not
aboutimplementationaspeci csthoseoptimizationsarenot coveredhere.

6 SphericalHarmonicsin Computer Graphics

In the following sectionl will give someexamplesof what sphericalharmonicscan be usedfor in the
elds of computergraphics. The examplesfocus on enhancingreal-timerenderingby sourcingout or
approximatingpartsof the lighting equationusing sphericalharmonics.Usageof sphericalharmonicsis
not limited to theseapplicationsthough,sincethey canalsobe utilized for objectrecognitionandimage
basedelighting([3, 4].

6.1 Irradiance EnvironmentMaps

The rst techniquehasbeendevelopedby Ravi RamamoorthandPat Hanraharat the StanfordUniversity.
They proposean efcient representatiorfor irr adianceenvironmenimapsusingsphericaharmonicq3].

Environment maps: An environmentmap is usedto storedistantlighting distribution denotedby L.
Sinceit is assumedo be very far away, thereis no noticeablevariancein the lighting on an object, all
pointsonthesurfacearelit equally Basedonthenormalvectorsa theincidentlight atanarbitrarypointcan
belookedup. Suchalookuprepresentsheresultof anintegrationover the upperhemispherd\n) atthat
point, while not takinginto accounmearillumination or visibility information(e.g.no shadavs). Thelight
modelis assumedo belambertianandthussuchanintegral canbe describedasthe convolution

Z
. )L(W)(ﬁ wydw= L?A(R) = E(f) (42)

whereas (r) representsheirradianceof the surfaceanddescribeghe grandtotal of incidentlight. Soan
ervironmentmaprepresentawayto mapanormatln toits correspondingrradianceE (1) (which multiplied
by the surfacealbedocorrespondso theimageintensity).It is possibleto pre-computehis corvolutionfor
every normaldirection,sincethe ervironmentmapis static. Sucha pre-computatiors calledpre- Itering
andtheresultis averyblurry environmentmap.
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Figure8: Imagecourtesyof RamamoorthandHanrahanlt shavs the resultof their Ef cient Repesenta-
tion of Irr adianceEnvironmentMaps[3] renderedn real-time.

The newapproach: WhatRamamoorthetal. noticedis thatthis corvolution canbe expressedn terms
of sphericalharmonicsand solved very ef ciently in frequeng space.Expandingthe light functionL in
termsof sphericaharmonicsyields

L(cif) = & L™™(cif) (43)

andde ning maxr w;0) = maxcosg;0) asthe circular symmetrickernelfunction, alsoin its spherical
harmonicexpansionwith m= 0,

A(r) = max(cosg;0) = g A (r) (44)
it turnsout (36) thatthe corvolution (42) canbewritten as
E) = & alAL"™Y"(): (45)

Veryintriguing aboutthis solutionis thatbecause, vanishes/eryfasttheirradiances well approximated
by only 9 coefcients. Themaximumerrorfor ary pixel is 9% [3].

Especiallyfor renderingthis is a very importantpropertysincewhenwriting down the rst 9 spherical
harmonicdn Cartesiarcoordinates

YO(xy:2) = 0:282095
Y, LY Yig(xyi2) = 0:488603 x;z,yg
Yo(xy;2) = 0:31539732 1)
YZ(xy;2) = 0:546274x% VP
Y, %Y, LY39(6y:2) = 1:092548 xz yZ xygy (46)
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Grace Cathedral Lightprobe

Eucalyptus Grove Lightprobe

Figure9: Image courtesyof Ramamoorthiand Hanrahan. It shavs a sourceervironmentmap and its
pre- ltered counterpartsisingthe standardmage-spacenethod(left) andthe sphericaharmonicapproach
(right).

it becomesvidentthatthis computationcaneasilybe performedon the y on modernfragmentor vertex
shadehardwareby solvingthe quadratigpolynomial(45).

2 |
Exy.2=a a aAL™"xy2
I=0m= |

=ciL30¢ YA+ L7  osL9+ cald+ 2ci(L, 2xy+ Lixz+ L, 1y2) (47)
+ 2c(Lix+ Ly ly+ LY2)
Cc1=0:429043 cp= 0:511664 c3= 0:743125 c4= 0:886227 c5= 0:247708

Alternatively the sphericalharmoniccoefcients for every point on the surfacecanbe precomputednce,
which reduceghereal-timecalculationto only a scalarproductof the vertex normal's coefcients andthe
irradiancecoefcients. It shouldbe denotedthat eachcolor channelneedsa separateset of coefcients
becausehe lighting function only representamplitudeof light, no colorization. For rendering the result
of the aforementionedquationneedonly to be multiplied by the surfacealbedo,which is usuallytaken
from texture map,to yield the nal pixel output.

Pre-®ltering results: Traditionally an environmentmapis representedby eithera cubemap (which is
constructedusing six two-dimensionalextures representinghe sidesof a cube)or a two dimensional
texture- usingaspecialcoordinatemapping.calledspheremappingto warpthe 2D imageontothe surface
of asphere Figure9 shavs sucha two-dimensionamappingof two light-probeg15]. As assertedefore
the quality doesnot differ much. The imageson theright siderepresenthe pre- Itered irradiancemaps.
With atraditionalapproactpre- Itering takesO(S T) time,whereSis thesizeof thesourcetexture (light-
probein this case)andT thesizeof theresultingirradiancetexture (usuallysomethingaround64x64=4096
texels or even larger). The new approachby Ramamoorthiet al. only needsO(9 T), becauseonly 9
coefcients needto be computed.lt is obviousthatwhile saving a lot of processindime this alsosavesa
lot of memory
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6.2 Spherical Harmonic Lighting
6.2.1 Intr oduction

This may be the mostimpressie examplefor the usageof sphericalharmonicsin computergraphics.
Sphericaharmonidighting is atechniquehatcaneffectively deliverreal-timedynamicglobalillumination
atavery high performanceTherearesomelimitations, but mostof themcanbe circumvented.

The Rendering Equation: Beforestartingwith the sphericaharmonicsolutionof thelighting equation,
oneof theholy grailsof real-timecomputergraphicswill beintroduced:theaccuratecomputatiorof what
Kajiya hasreferredto asthe renderingequation[22] - completelyin real-time. The renderingequation
expresseshe light intensitytransferredrom a point x in directionw, andin differentialangleform it is
de nedas z

L(xwy) = Le(X;Wy) + SR(x; W W) L(Ow; W) GOX X))V (X X)) dw: (48)

Le(x;wy) describeghe light thatis emitted by the point x in directionw, independenbf ary incident
light (e.g. anemissve surfacelike phosphor).Modeling this is the easiespart. R(x; w;wy) is the scalar
valuedbi-directionalre ectancedistribution function (BRDF) andit scalesthe light re ected at point x
into directionw, dependingn theincidentdirectionw. ThegeometriarelationshipG(x; x9 describesow
the two parametepointsx andx? arerelatedto eachotherwhereas®is someotherpoint of the scenein
directionw from x. One of the mostprominentexamplesfor sucha relationshipis the lambertiancosine
term. Finally V(x;x9 describeghevisibility relationshipbetweerthetwo points,whichis either1 or 0. It
becomedrueif aray castfrom x to x%is not occludedby ary othergeometryandis falseotherwise. The
mostdif cult problemof this equationis to solve therecursionof L(x; wy) alsotermedinterre ection.

Review of previous solutions: Hereis aquick review of previousreal-timesolutionsfor this equation:

Id Software's Quale (1996) pioneeredwith a solutioncalledreal-timelight-mapping This technique
usesa radiosity algorithm[24] to pre-computehe diffuselighting (which wasvery time consumingand
took hoursto days)of the entirescene storingit into textures. Oneimplication of this approactwasthat
no dynamiclighting could be takeninto accountwhencomputingthe lightmaps. Additionally the BRDF
hadto be staticsincethe lambertianre ection modelusesan equaldistribution of light into all directions
(R(x; w; wy) is constant). Dynamiclighting wasfaked by additive blendingof unshadwed diffuse point
light sourceswith V(x; X9 = 1 andnointerre ections.

This techniquecanstill be foundin alot of moderngameswith the mostprominentexamplebeing
Half-Life 2 by Valve Software. They areusinga modi ed versionof this techniquewherethe lightmap
is computedfrom threedifferentangles. Therebythey circumventthe BRDF limitation and are able to
approximateglossyre ections[23].

A moremodernapproachs to usestencilvolumeshadavs or shadevmapsto solve the equation While
this techniqueallows completelydynamiclighting, thereareno interre ections. Additionally point lights
are assumed.Sincethosehave no areaand only consistof one point - hard shadev edgesare implied.
Thereareworkaroundghat simulatesphericalarealights using pointslights followed by a smoothingof
theshadav edge.

Soin the pastyou alwayshadto choosebetweenquality (in termsof interre ection and arealights)
and e xibility (dynamiclight sources).Using sphericalharmonicsit is possibleto have both - real-time
dynamiclightsourceswith interre ectionsandarealight sourcesAlthoughtherearelimitationsit still is a
steptowardsthegoal.

6.2.2 The newalgorithm

Now the solutiondevelopedby Sloanet al. [16] be describedn detail (a programmaticeexplanationhas
beenwritten by Robin Green[12]). The basicideais to divide the renderingequationinto a light source
functionL' aswell asa (pre-computablefransferfunctionT:
VA
L(xw) = Le(xwy) + L' wW)T(x w;w,)dw (49)
s
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Figure 10: Exampleof a scendlit by pre-computedphericalharmoniclighting. Thereis only onelight
source the sun,but noticethe interre ectionsthat causethe ceiling, the top of the pedestakndthe wings
of the statueto be slightly illuminated.

Thelight sourcefunctionL' (x;w) describesxactly thefractionof the light incidentat point x from di-
rectionw thathasbeenemitteddirectly from alightsource- withouttakinginto accountary interre ections
(indirectlighting). Therearetwo possiblesettingsfor L'. Firstly, giventhe ideal settingof low variation
of the light sourcefunction for the entire sceneonly onecopy of thelight sourcefunctionis requiredand
sharedby all points. For instancea settingwherea distantlight like the sunlighting a small scene(like
a chessboardjvould ful Il this property This works becausehe light is so far away that given ary two
pointsx andx,, onthesurfaceof thescenahedifferencebetweerl' (x) andL' (xy) is neglectible. Secondly
if the ervironmentconsistsof local lighting (eg. light sourceshatarecloseto the object)L' will vary at
differentpointson theobject.In this caseit is possibleto take samplef thelight functionandinterpolate
betweerthemwhenrendering effectively creatinga eld of incidentlighting. This does,however, break
someassumptiongboutinterre ectionsthatwe needto make, sothis cannotbeused

The transferfunction T(x;w; w,) describeshow light arriving from L' is transformednto irradiance
in directionwy,. Note thatnot only light arriving at the point x is transformed. Sincetherepossiblyare
interre ectionsarriving atx, T mighttransformlight thatdoesnot directly arrive from the lightsourceinto
irradiance Dependingonthelight modelused,T canbeexpressedsasphericafunctionwhich optionally
depend®n theview-direction. For view-dependenlight modelsthe transferfunctionsneedto be approxi-
matedby a sphericaharmonictransfermatrix (Chapters.2.5)to transformincidentlight into a new setof
coefcients thatcanlaterbe corvolvedwith the BRDF. On the otherhandthe transferfunctionsfor view-
independenlight modelscanbe approximatedy only usinga vectorof sphericalharmoniccoefcients.
The transferfunctionsfor both casesare generatedn a pre-computingstep- thatis likely to take a long
time for adetailedapproximation.

Whenrenderinga point on the surfaceits intensityis the solution of equation(49). But sinceboth
functionsareexpressedn termsof sphericaharmonicgheequatiorreducedo

L(xw) = Le(xwa) + & LiTi (50)
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for diffuseand _
LOGwW) = Le(w) + @ aiR(@ TijL})y (w) (51)
[ j

for view-dependenlight modelswhereasd ; Tj; L'j is the linear transformatiorof the light coefcients by
thetransferfunctionandthesumoveri describeshe corvolution of the BRDF kernelR with thetransfered
light function. Evaluatingy," returnsthevalueof thecorvolvedfunctionatwy (whichis theview-direction).

From now on the lambertianre ection modelwill be assumedandthereforeno glossyre ectionswill
be describedalthoughanin depthdiscussiorof thisre ection type canbefoundin [16].

6.2.3 Transfer functions

After thisratherquick anddirty overview it is time to go into moredetailaboutthetransferfunction. Since
in the lambertianmodellight is re ected equallyin all directions,the aforementionedenderingequation
canbesimpli ed by remaoving all view-dependenparts:

Umm-um+(”

L(xw; W) G(X; Xw) V (X; Xw) dwW (52)
The BRDF in this casereducesto constanttermr (x) which is calledthe surfacealbedoat point x. It
describeghe ratio of radiosity (which corresponddo imageintensity) versusirradiance. Now all that
remainsin the equationis the amountof incidentlight L, the geometricrelationship,and the visibility
functions.
Recallingthegeometriaelationshign adiffuseernvironmentbeingde ned asthenon-neative max(fy

v;0) (hasalreadybeenusedin the sectionon ervironmentmaps),whereasy is the normalvectorat the
pointx andv the directionof theincidentlight theequationcanbe expandedo

L'aM(x) = Le(X) + @ " L(xw; W) max®y ¥y, 0)V (X; Xw)dw: (53)

Ax
Theintegraldomainreducego the upperhemlspheresincefor thelower hemispher¢hecosinetermwould
beO.
Threedifferenttypesof transferfunctionscanbederivedfrom this equation Eachoneaddsmoredetail
to the lighting, but alsotakes moretime to compute. | will only give a brief ideaon how the following
transferfunctionscanbe evaluatedusingray-castingfor detailsconsultGreens paper[12].

Diffuse Unshadaved Transfer Function: The rst transferfunction TPY doesnottake into accounthe
visibility termV(x;x9 or interre ections. Thereforeiherenderingequatiorreduceﬁo

r (X)

LPY(X) = Le(X) + —2 L'(x; w)max(By Vw;0)dw: (54)

Fx

Comparing(54)to (49) it quickly becomeslearthatthe transferfunctionhasto be
TPV (x; W) = max(fx ¥w;0): (55)

Theresultof ascendightedwith this functionlooksvery similar to normaldot-productighting, except
thatinsteadof pointor directionallight sourcesary arealight sourcecanbeused.Exampleusageof diffuse
unshadwedtransferfunctionscanbefoundin gures 11(a)and11(b).

Diffuse Shadaved Transfer Function: The secondtransferfunction TPS is very similar to the afore-
mentionecbne. In additionto TPV it does hONever, includethevisibility term. Therefore,

r (x)

LPS(x) = Le(x) + —= L'(x w) maxay w; 0)V(x; w)dw: (56)

Ax

whereas/(x; w) is true assoonasthe raywith origin at x in directionw is intersectingpartsof the scene,
opposedo V(x;x% wheretheray checkis only performedn betweerx andx® Following (49) yields

TPS(x W) = max(fy ¥w; 0)V (X Xw): (57)
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Transfer function

(a) Schematicdiagram of adiffuseunshadwedtransferfunc- (b) Example of a scenerenderedwith diffuse unshadwed
tion. Greenarrons indicate unoccludedrays, while yellow light transfer Note thatthereare no shadws exceptfor the
rays describeoccludedrays, that are neverthelessaccounted cosineterm.

into thetransferfunction.

Transfer function

(c) Schematicdiagram of a diffuse shadeved transferfunc- (d) Example of a scenerenderedvith diffuseshadaeved light
tion. Greenarraws indicateunoccludedays, while red rays transfer Notethattherenow areshadavs.
describeoccludedrays that are now not taken into account

(cmp.®gurell(a)).

Figurell: Shadevedandunshadwedlight transferfunctions.
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This meanghatto evaluatethis function,aray needgo be castin every directionto determinef there
is an occluderblockingincidentlight for thatdirection. With TPS the resultsare comparablego dynamic
single-passadiosity Examplesanbefoundin gures 11(c)and11(d).

Diffuse Interr e ected Transfer Function: Thediffuseinterre ectedtransferfunctionis the mostcom-
plex of thethree.It solvesequation(53) completelyalthoughit needgo be dividedinto two parts- oneof
themwe have alreadyseen:
r(x) z
L'R(X) = Le(x) + s L'(x; w)max(By w;0)V(x;w)dw (58)
Ax

r”
p W)

+ LR, w)max(®y ww;0) (1 V(x;w))dw:

LR(x;w) depictsthe interre ected part of the incidentlight arriving at x in directionw. So the second
integral describesll light which is arriving at x thatwasre ected by anotherpoint of the sceneusingan
inversevisibility checkto maskout directlighting (Note: this is not neededhere,becausd_R doesonly
covertheinterre ectedpartsaryway. But it will berequiredin amoment.).By usingLPS theequationcan
besimpli ed, yielding

A
L'R(x) = LPS+ % " )LR(X; w) max(fy ¥w;0)(1  V(x;w))dw: (59)

Now a problemarises:What partof equationL'R is the light sourcefunction,andwherecanwe nd
the transferfunction? The light sourcefunction (obviously) is the same but the transferfunctionis more
comple now. Findinganexplicit expressiorwill not be easy becauséhetwo integralssomehav needto
bejoinedtogether

But it is possibleto de ne anin nite seriesof transferfunctionsT\R thatfor n! ¥ corvergetowards
T'R. It canbede ned as

ToRoew) = TOS(xw) (60)
z
a6 w) = TPS(xw) + % . )max(ﬂx M ; OOV (% Xy ) TaR O wi ) dwg (61)
Fx

What doesthis constructdo? In the rst passonly the shadeved direct lighting is taken into account
yielding the sameresultsas TPS. But in the secondpassthe shadaeved directlighting is reintroducedand
anintegrationover the upperhemispherés performed. This integrationgathersall interre ectedlighting
from the previouspass.

The above alsomathematicallydescribegshe implementatiorsuggestedby GreenandSloanetal. The
rst passis performedjust like the diffusedshadeved calculation. All following passesare similar, but
insteadof rejectinglight if anintersectioroccursthetransferfunctionof theintersectingoointis determined
andtakeninto account.Continuingthis for severaliterationswill quickly approximateheinterre ections.

Oneimportantlimitation thatarisesfrom theinterre ectedtransferfunctionis the "baking" of material
propertieqr (X)) into thetransferfunction. While this enableeffectssuchascolor bleeding,it meanghat
materialpropertiecannotchangeatruntime- whichis possiblewith thediffuseshadevedandunshadwed
transferfunctions.

Again,examplescanbefoundin gures 12(a)and12(b).

6.2.4 Light functions

A light function mapsa directionw to a light intensity It is usuallydescribedusingthe threeRGB color
channelsLight functionarevery similar to the ervironmentmapsdescribedeforeandthosecanactually
be usedaslight functions. But computingandpre- ltering environmentmapsat real-timeis problematic
atthe momentandthereforeapproximationsreoften used. For example,in ademoa dynamicallytinted
ervironmentmapis usedfor skybox renderingwhile the light functionis just a quick, dirty andscripted
approximatiorof sunlightthatwasheavily twealeduntil it tted well enough.lt usesacoloreddirectional
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Final transferfunction

(a) Schematicdiagram of adiffuseinterre ectedransferfunction. Theleft partis theshadavedtransferfunctionof x, while the

centerimagerepresentanothershadaved transferfunctionthat sendsout interre”ections Theseare scaledby the cosineterm

andaddedto the left functionto yield the ®nal interre ectedransferfunction (cmp. ®guresl1(a)and11(c)). Note thatthis is
only aschematiexample.In a correctimplementatiorall redrayswould gatherinterre ections.

Interreflected

Shadowed

(b) Example of ascenerenderedvith diffuseinterre ectedight transfer An in depthlook at the ceiling above the oppositewall
andat the top of the pedestakhawv interre”ectionghataremissingin ®gure 11(d). Five iterationshave beenusedto gatherthe
interre ectiondy shooting452 = 2025rayspervertex. Computatiortime wasabout4 hoursper passresultingin a total of 20
hours.

Figurel2: Diffuseinterre ectedlight transfer

22



light projectedinto sphericalharmoniccoefcients for the sunand a slightly blueishambientterm that
is distributed equallyinto all directions(to fake the light refractionsby the atmospherendthe nightly
illumination by the moon). The ambientterm canbe realizedwith sphericalharmonicsby simply scaling
the zerothsphericaharmonicorderbasisfunction (sinceit representgqualdistributioninto all directions).

To simulatethe movementof the sunthe light function is broughtinto the properrotationusing the
aforementione@YZ-Euler operationdescribedabove. The color channelsarealsomodi ed to simulate
duskanddawn.

More informationon approximatingsunlightcanbefoundin Greens paper

7 Conclusion

This work has presentedsomeorthogonalbasisfunctions,and how they can be combinedto form the
sphericaharmonics.Also, somepropertiesof the sphericaharmonicshave beendiscussedandexamples
of haw they canbe usedhave beengiven. While the intentionwasto explain the sphericalharmonicas
simpleandilluminating aspossibleijt still is nottrivial - bothto write andexplainaswell asto understand.
Hopefully it hasbecomeclearwhat sphericalharmonicscanbe usedfor in computergraphics,although
only two of the plentiful numberof applicationouldbeillustratedhere. It hasyetto be determinedvhat
elsethoselittle adaptve sphericalshapedriendscanbe usedfor - notonly in computergraphics put also
computewision (asBasriandJacobsave shovn [4]) andmaybeothergraphicsrelatedareadik e collision
detectionarti cial intelligenceandmore.
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Figure13: Picturesof a demorendereifeaturingthe presentedphericaharmoniclighting techniquecom-
binedwith ahighdynamicrangepipeline. Thelowerimagesshov dayandnighttransitionswhile theothers
shaw arbitraryscenes.
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